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Abstract—In multiuser relay systems, if the relay does not have
sufficient degrees of freedom to eliminate multiuser interference,
the spectral efficiency gain of two-way relay (TWR) transmission
may vanish. Signal alignment (SA) signaling is possible to recover
this gain but may suffer from a signal power loss. To improve the
spectral efficiency of multicarrier code-division multiple-access
(MC-CDMA) TWR systems, we develop an equivalent SA (ESA)
signaling procedure. Simply by aligning the received symbols after
despreading instead of aligning the received signals as in SA sig-
naling, ESA signaling has more feasible solutions than SA signal-
ing, and its performance and complexity depend on the spreading
sequences. This allows us to improve the system performance by
optimizing ESA signaling and to reduce its complexity by design-
ing the spreading sequences. Specifically, we develop optimal ESA
signaling to maximize the signal-to-noise-ratio (SNR) under the
interference-free constraint. Then, we design the spreading se-
quence to obtain a low-complexity ESA-based frequency-domain
equalizer (FDE), i.e., ESA-based one-tap FDE, and to provide
the maximal diversity gain for the one-tap FDE. Both theoretical
analysis and simulation results demonstrate that ESA signaling is
more spectral efficient than SA signaling for MC-CDMA TWR
systems.

Index Terms—Equivalent signal alignment (ESA), frequency-
domain equalizer (FDE), multiuser interference (MUI), multiuser
two-way relay (TWR), spectral efficiency.

I. INTRODUCTION

TWO-HOP communication systems using half-duplex
relays suffer from a prelog factor 1/2 in the capacity

expression [1], [2]. To mitigate such a loss in spectral
efficiency, significant efforts have been devoted to develop
spectral efficient relaying techniques [3]–[5]. Two-way relay
(TWR) communication is one of the attractive techniques,
which completes the data exchange between one or more pairs
of users through two phases.

In multiuser TWR systems where multiple pairs of two users
exchange their messages, the received signals of the users
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consist of both self-interference (SI) and multiuser interference
(MUI). SI is the previously transmitted information of a user
that returns to itself, which can be removed by SI cancellation
(SIC) [6]. Various techniques have been developed to man-
age the MUI in multiuser TWR systems [7]–[12]. The TWR
schemes in [7]–[9] treat the signals of K pairs of users as
2K independent signals. To remove the MUI thoroughly, the
relay needs at least 2K degrees of freedom (DoFs), such as
2K codes, subcarriers, or antennas. As a result, these TWR
systems achieve the same spectral efficiency as the two-hop
relay systems, which use 2K DoFs to assist 2K pairs of users in
four phases. When one pair of users employs signal alignment
(SA) signaling [4] to compress their signals into a superimposed
signal at the relay, the relay can forward the superimposed
signal by network coding [13], [14]. Consequently, the TWR
with SA signaling can use K DoFs to support K pairs of users
in two phases, which recovers the spectral efficiency gain of the
TWR in the high signal-to-noise ratio (SNR) region.

SA signaling was first proposed in [4] for multiple-
input–multiple-output (MIMO) TWR systems. In [15] and [16],
the precoder at the base station is developed and analyzed for
aligning the signals from one pair of users in MIMO TWR
cellular systems. It has been shown that the SA signaling
procedures in [15] and [16] do not always outperform non-SA
(NSA) signaling [17], because the transmit vectors lead to a
signal power loss when encountering the alignment constraint.
Fortunately, in multicarrier code-division multiple-access
(MC-CDMA) TWR systems, there is more than one way to
align the signals. Thus far, the existing studies [4], [15], [16]
focus on how to find a feasible SA signaling procedure for TWR
systems. However, how to find the optimal SA solution that
recovers the spectral efficiency gain of the TWR for all SNR
levels is still an open problem.

In this paper, we develop an equivalent SA (ESA) signaling
procedure to improve the spectral efficiency of MC-CDMA
TWR systems. By exploiting the feature of MC-CDMA signals,
ESA signaling aligns the received symbols after despreading,
whereas SA signaling [4] aligns the received signals directly.
Although the idea is simple, such a difference brings various
benefits that will become clear in the following sections. First,
there will be more ways to align the symbols than to align
the signals; therefore, it is possible to optimize ESA signaling
that maximizes the SNR while ensuring MUI-free transmission.
Second, ESA signaling ensures MUI-free transmission even
when the spreading sequences are not orthogonal, but SA
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Fig. 1. Multiuser TWR system with K pairs of users assisted by a single relay.

signaling cannot ensure such transmission when the relay has
no channel information. Finally, the complexity and perfor-
mance of SA signaling only depend on the channel response,
but those of ESA signaling also depend on the spreading
sequences. This allows us to reduce the complexity and to
improve the performance by judiciously designing the spread-
ing sequence. Specifically, by decomposing and designing
the spreading sequence, we develop an ESA-based one-tap
frequency-domain equalizer (FDE) and provide the maximal
diversity gain for the one-tap FDE. To show the performance
gain and further optimize ESA signaling, we derive closed-
form expressions of the asymptotic spectral efficiency for
MC-CDMA TWR systems. Theoretical analysis and simula-
tion results show that the proposed ESA signaling is spectral
efficient for MC-CDMA TWR systems under various system
settings.

The remainder of this paper is organized as follows: In
Section II, we describe the system model. Then, we propose
ESA signaling in Section III. In Section IV, we analyze the
spectral efficiency of MC-CDMA TWR systems using our ESA
signaling. Simulation results are provided in Section V, and
finally, our conclusions are drawn in Section VI.

Notations: Conjugation, transpose, Hermitian transpose,
and expectation are represented by (·)∗, (·)T , (·)H , and E{·},
respectively. The trace of a square matrix is denoted by tr{·}.
diag{· · ·} denotes the diagonal matrix, and ‖x‖ =

√
xHx

denotes the norm of vector x.

II. SYSTEM DESCRIPTION

We consider an MC-CDMA TWR system with M subcar-
riers, as shown in Fig. 1, where K (K ≤ M) pairs of users
exchange their messages through a single half-duplex relay.

A. Transmitter at the Users

In a multiple-access channel (MAC) phase, the kth pair
of users Ak and Bk uses two M -length frequency-domain
transmit vectors wAkt and wBkt to convey their symbols
dAk

and dBk
, respectively. Transmit symbols dA1 , . . . , dAK

and dB1 , . . . , dBK
are independent and identically distributed

(i.i.d.) random variables satisfying E{dAk
} = E{dBk

} = 0
and E{|dAk

|2} = E{|dBk
|2} = PU , where PU is the maximal

transmit power per symbol at each user. To meet the transmit
power constraint, the transmit vectors satisfy wH

AktwAkt ≤ 1

and wH
BktwBkt ≤ 1. The frequency-domain received signal at

the relay is expressed as

yR =
K∑

k=1

(HAk
wAktdAk

+ HBk
wBktdBk

) + nR (1)

where HAk
=diag{HAk,1 ,. . . ,HAk,M

}, HBk
=diag{HBk,1 ,. . . ,

HBk,M
}, whose diagonal elements denote the frequency-

domain channel responses over M subcarriers from the kth pair
of users to the relay, nR is the M -length zero-mean Gaussian
noise vector with a covariance matrix E{nRnH

R } = σ2
RIM ,

and σ2
R is the noise variance at the relay.

B. Transceiver at the Relay

If the SA signaling in [4] or our ESA signaling that will
be introduced in the following is employed by the users, the
symbols coming from one pair of users are aligned at the relay.
In a broadcast channel (BC) phase, the relay can forward the
superimposed symbols by various network-coding strategies in
TWR systems. Two of the most popular strategies are physical-
layer network coding (PNC) [13] and analog network coding
(ANC) [14]. PNC can be used for estimate-and-forward (EF)
[18], whereas ANC can be applied for amplify-and-forward
(AF) [19].

1) PNC: The EF relay [18] first employs a linear receiver
wRkr to detect the superimposed symbol from the kth pair of
users, i.e.,

d̂A+B
k

= d̂Ak
+ d̂Bk

= wH
RkryR (2)

then decodes the bitwise XORed message b̂A⊕B
k

from (2) by
applying the PNC mapping principle in [13], where bA⊕B

k
=

bAk
⊕ bBk

, and bAk
and bBk

are the messages coming from users
Ak and Bk, respectively. Then, the EF relay modulates b̂A⊕B

k

into d̂A⊕B
k

and employs a linear transmitter wRkt to broadcast

d̂A⊕B
k

to all users. The forwarded signal is

xEF
R =

K∑
k=1

√
αEF

k wRktd̂A⊕B
k

(3)

where αEF
k = 2PR/tr{wRktw

H
Rkt} is an amplification factor

to meet the relay transmit power constraint, and PR is the
maximal transmit power per symbol at the relay.

2) ANC: When using ANC, the AF relay employs a linear
processor to forward the received signal directly. The forwarded
signal can be expressed as

xAF
R =

K∑
k=1

√
αAF

k wRk
yR (4)

where wRk
= wRktw

H
Rkr is the transceiver of the AF relay,

which can be decoupled into a linear receiver for the MAC
phase and a linear transmitter for the BC phase without per-
formance loss [20], and αAF

k = 2PR/tr{wRk
E{yRyH

R }wH
Rk

}
is the amplification factor.
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C. Receiver at the Users

We assume that channel reciprocity holds for the TWR
channel, i.e., the channel matrices from the relay to the kth pair
of users are HT

Ak
and HT

Bk
, respectively. Then, in the BC phase,

the received signals at the kth pair of users are, respectively,
expressed as

yAk
= HT

Ak
xR + nAk

yBk
= HT

Bk
xR + nBk

(5)

where nAk
and nBk

are the M -length zero-mean Gaussian
noise vectors with E{nAk

nH
Ak

} = E{nBk
nH

Bk
} = σ2

UIM , and
σ2
U is the noise variance at each user.
The received symbols are estimated as

zAk
= wH

AkryAk
zBk

= wH
BkryBk

(6)

where wAkr and wBkr denote the receive vectors of users Ak

and Bk, respectively.
When different network coding strategies are used, the sym-

bols from one pair of users are superimposed in different ways.
Then, the users need to employ corresponding SIC methods to
extract the desired signals or messages.

1) Bit-Level SIC: When PNC is applied, users Ak and Bk

decode the bitwise XORed message bA⊕B
k

= bAk
⊕ bBk

from

(6), respectively. Let b̂Ak

A⊕B
k

and b̂Bk

A⊕B
k

represent the decoded
messages, the users can recover their desired message by the
bit-level SIC [5], i.e.,

b̂Bk
= b̂Ak

A⊕B
k
⊕ bAk

b̂Ak
= b̂Bk

A⊕B
k
⊕ bBk

. (7)

2) Signal-Level SIC: When ANC is considered, users Ak

and Bk demodulate the superimposed signal dA+B
k

= dAk
+

dBk
from (6), respectively. Let d̂Ak

A+B
k

and d̂Bk

A+B
k

denote their

demodulated signals, the users can estimate their desired sig-
nals by the signal-level SIC [5], i.e.,

d̂Bk
= d̂Ak

A+B
k

− dAk
d̂Ak

= d̂Bk

A+B
k

− dBk
. (8)

III. SIGNAL ALIGNMENT DESIGN

Here, we will introduce an ESA signaling procedure for
MC-CDMA TWR systems. We first investigate the transmis-
sion in the MAC phase and then extend to the BC phase
considering the duality.

We assume that each user only has the channel state infor-
mation (CSI) between the relay and itself, whereas the relay
has no CSI about any user. Note that the required CSI is much
less than those in many existing TWR systems, where each
user has the CSI of one pair of users and the relay has all
the CSI [5]. This can reduce information exchange between
the relay and the users since the CSI is obtained by broad-
casting training sequences to all users during the procedure of
initialization.

A. SA-Based FDE

To introduce ESA signaling, we first investigate the SA
signaling in [4] as a starting point, where the transmit vectors
of one pair of users in the MAC phase satisfy

HAk
wAkt = HBk

wBkt = hABk
(9)

where hABk
is an aligned signal vector.

In MC-CDMA systems, M × M channel matrices HAk
and

HBk
have rank of M with a probability of 1; therefore, they

are both invertible. Consequently, we can align the signals
to an arbitrary vector hABk

by simply designing the transmit
vectors as

wAkt = H−1
Ak

hABk
wBkt = H−1

Bk
hABk

. (10)

Considering that the relay has no CSI, it is impossible to
apply a zero-forcing (ZF) receiver at the relay to eliminate the
interference among multiple user pairs. To provide MUI-free
transmission, each pair of users can align their signals to an
orthogonal spreading sequence as in [10], i.e., hABk

=
√

αkck.
Then, we have

wAkt =
√

αkH−1
Ak

ck wBkt =
√

αkH−1
Bk

ck (11)

where CHC=IK , C=[c1,. . . ,cK ], and αk = min{αSA
Ak

, αSA
Bk

}
is a scaling factor to satisfy the transmit power constraint of
users,1 i.e.,

αSA
uk

=
1∥∥H−1

uk
ck

∥∥2 =
1

cH
k

(
Huk

HH
uk

)−1
ck

, uk = Ak,Bk.

(12)

Since HAk
and HBk

are diagonal matrices, the transmit
vectors shown in (11) are in fact one-tap pre-FDEs. In the
sequel, we call them SA signaling or SA-based FDE.

Now, the relay can simply employ a matched filter (MF) to
eliminate MUI completely, i.e., WRr = C. Then, we have

CHHAk
wAkt = CHHBk

wBkt =
√

αkek (13)

where ek is a basis vector with its kth entry being one and the
other entries being zeros.

Unfortunately, SA signaling does not always outperform
NSA signaling. This is because it suffers from a severe signal
power loss due to the channel inversion operation in (11). In
the following, we will introduce the ESA signaling procedure
that can recover the power loss by exploiting the feature of
MC-CDMA signals.

B. ESA-Based FDE

In MC-CDMA systems, the MF at the relay plays a role to
despread the received signals from M signals to K symbols.

1Because each user only has the CSI between itself to the relay, user Ak only
has αAk

. To provide αBk
for user Ak , the relay needs to estimate αBk

from
the received signal power of user Bk and forward it to user Ak , and vice versa.
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In fact, (13) can be viewed as another kind of SA signaling,
which aligns the symbols after despreading instead of aligning
the signals before despreading as in (9). We refer to (13)
as ESA signaling. Since transmit vectors wAkt and wBkt are
performed in the frequency domain, we also call them ESA-
based FDEs. Although the idea is simple, ESA signaling brings
many benefits.

First, ESA signaling has more feasible solutions than the
SA signaling procedure in (11). Take the transmit vector of
user Ak as an example, to align the signals before despread-
ing, i.e., HAk

wAkt =
√

αkck, there are M equations and M
variables, which results in only one SA solution. By contrast,
to align the symbols after despreading, i.e., CHHAk

wAkt =√
αkek, there are K equations and M variables, which leads to

(M − K + 1)+ ESA solutions, where x+ = max{x, 0}. This
implies that we can find an optimal wAkt to improve system
performance.

Second, it is necessary for SA signaling to employ orthogo-
nal spreading sequences to provide MUI-free transmission. By
contrast, since cH

j HAk
wAkt = 0, ∀j �= k, as shown in (13),

ESA signaling always ensures MUI-free transmission no matter
if the spreading sequences are orthogonal or not.

Finally, the complexity and performance of SA signaling
depend on the channel characteristic, whereas those of ESA sig-
naling rely on both the channels and the spreading sequences.
This indicates that we can design the spreading sequences
to reduce the complexity and improve the performance of
MC-CDMA TWR systems with ESA signaling.

1) Optimization of the ESA-Based FDE: Since we consider
a practical scenario where each user only has the CSI between
itself and the relay and thereby does not know the interference
power, we employ SNR as the optimization goal. Specifically,
we optimize the users’ transmit vectors to maximize the SNR
under the MUI-free constraint. In other words, we try to find an
optimal ESA signaling procedure that satisfies (13) in a sense
of maximizing the SNR, which is an effective way to deal with
the power-loss problem arising in SA signaling.

Substituting (13) into (1), it is not difficult to derive the
received SNR of the kth superimposed symbol in the MAC
phase as αkPU/σ2

R. Given the signal and noise power, max-
imizing the SNR is equivalent to maximizing αk. Under the
ESA constraint in (13) and the transmit power constraint at the
users, the optimization problem is formulated as

max
wAkt,wBkt

αk (14a)

s.t. CHHAk
wAk

=
√

αkek (14b)

CHHBk
wBk

=
√

αkek (14c)

wH
AktwAkt ≤ 1 wH

BktwBkt ≤ 1. (14d)

It is not hard to solve the optimal wAkt and wBkt, which are,
respectively, the least-squares solutions of (14b) and (14c), i.e.,

wAkt =
√

αkHH
Ak

C
(
CHHAk

HH
Ak

C
)−1

ek

wBkt =
√

αkHH
Bk

C
(
CHHBk

HH
Bk

C
)−1

ek (15)

where αk = min{αESA
Ak

, αESA
Bk

}, and

αESA
uk

=
1∥∥∥HH

uk
C

(
CHHuk

HH
uk

C
)−1

ek

∥∥∥2

=
1

eH
k

(
CHHuk

HH
uk

C
)−1

ek

, uk = Ak,Bk.

(16)

We refer to (15) as Max-SNR ESA signaling or Max-SNR
ESA-based FDE. Substituting (15) and (11) into (13), we can
see that both SA and ESA are feasible solutions of optimization
problem (14).

Denote N = M/K as the spreading factor and K/M as the
system load factor. Considering the processing capability of the
linear transceiver, we do not investigate the case of N < 1, i.e.,
the system is overloaded. Therefore, in this paper, spreading
factor N is always greater than or equal to 1. When N = 1, i.e.,
the system is fully loaded, Max-SNR ESA signaling is equiva-
lent to SA signaling. If N > 1, i.e., the system is underloaded,
ESA signaling is the optimal solution, which implies that
Max-SNR ESA signaling outperforms SA signaling.

2) ESA-Based One-Tap FDE: In (15), CHHuk
HH

uk
C is

no longer a diagonal matrix. This means that the Max-SNR
ESA-based FDE is of high complexity. To develop an
ESA-based one-tap FDE, we design the spreading sequence in
the following.

Note that an arbitrary M × K matrix C can be decomposed
into an M × K matrix P and a K × K unitary matrix U , i.e.,

C = PU . (17)

If we regard C as the spreading sequence matrix and each
column of U as the orthogonal sequence after despreading,
then P reflects the relationship between the sequences before
and after despreading. Since U denotes how to separate the
users to provide multiplexing gain and P denotes how to spread
signals to provide frequency diversity gain, we call U the
orthogonal code matrix and P the spreading matrix. Therefore,
(17) implies that the spreading sequence plays two different
roles, and these roles can be decoupled.

Proposition 1: We obtain an ESA-based one-tap FDE when
the elements of spreading matrix P satisfy

Pm,jPm,i = 0 ∀j �= i (18)

i.e., there is no more than one nonzero element in each
row of P .

Proof: Substituting (17) into (15), the ESA-based FDE
can be rewritten as

wukt =
√

αkHH
uk

P
(
P HHuk

HH
uk

P
)−1

Uek, uk =Ak,Bk.
(19)

From (18), the (i, j)th element of P HHuk
HH

uk
P becomes

M∑
m=1

Pm,iPm,j |Huk,m
|2 = 0 ∀i �= j (20)
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for arbitrary |Huk,1 |2, . . . , |Huk,M
|2, which means that

P HHuk
HH

uk
P is always diagonal. Therefore, (19) becomes

the ESA-based one-tap FDE. �
Comparing (15), (19), and (11), we can see that the com-

plexity of the ESA-based FDE mainly depends on the inversion
of the K × K matrix, which is of order O(K3). In contrast,
the complexity of the SA-based FDE depends on M scalar
divisions and that of the ESA-based one-tap FDE depends on K
divisions, which are of orders O(M) and O(K), respectively.
Obviously, the ESA-based one-tap FDE can reduce the com-
plexity of the ESA-based FDE significantly. Compared with
the SA-based FDE, the ESA-based one-tap FDE has similar
complexity but can improve performance effectively.

Proposition 1 suggests that a low-complexity ESA-based
FDE can be obtained by constructing C from a spreading
matrix P satisfying (18) and an arbitrary unitary matrix U .
In fact, we can further optimize P to improve the spectral
efficiency, as will be shown in the next section.

C. Duality Between the MAC and the BC

Thus far, we have investigated the transmitters of the users
and the receiver of the relay for the MAC phase. Based on the
duality between the MAC and BC phases and the reciprocity of
their channel responses, when the relay employs its receiver in
the MAC phase as the transmitter in the BC phase, i.e.,

WRt = W ∗
Rr = C∗ (21)

and the users apply the receivers

wAkr = w∗
Akt wBkr = w∗

Bkt (22)

from (13), we have

wH
AkrH

T
Ak

C = wH
BkrH

T
Bk

C =
√

αkeT
k . (23)

It indicates that we can achieve MUI-free transmission in the
BC phase.

IV. PERFORMANCE ANALYSIS AND

FURTHER OPTIMIZATION

Here, we will analyze the instantaneous and average spectral
efficiency of MC-CDMA TWR systems using Max-SNR ESA
signaling. With the analysis, we can compare the performance
of the Max-SNR ESA-based FDE with that of the SA-based
FDE and NSA signaling and can further optimize spreading
matrix P and the power allocation among the relay and users,
given the overall power in the TWR network.

A. Instantaneous Spectral Efficiency and
Optimal Spreading Matrix

1) Max-SNR ESA Versus SA: In MC-CDMA TWR systems,
there are K pairs i.i.d. data streams forwarded by the relay over

M subcarriers in two phases; hence, the instantaneous spectral
efficiency is

η =
1

2M

K∑
k=1

log(1 + γAk
) + log(1 + γBk

) (24)

where γAk
and γBk

are the end-to-end SNRs of symbols dAk

and dBk
, respectively.

In the EF relay, analogous to the analysis for the decode-
and-forward (DF) relay in [1], the end-to-end SNR can be
obtained as

γEF
Ak

= min{γAk,Bk→R, γR→Bk
} (25a)

γEF
Bk

= min{γAk,Bk→R, γR→Ak
} (25b)

where γAk,Bk→R denotes the SNR of the user–relay link in the
MAC phase, and γR→Ak

and γR→Bk
represent the SNRs of the

relay–user Ak and relay–user Bk links, respectively.
Substituting (15) and (22) into (1) and (6), the SNRs of the

Max-SNR ESA-based FDE can be derived as

γAk,Bk→R =
PU
σ2
R

∣∣cH
k HAk

wAkt

∣∣2
cH

k ck
=

PU
σ2
R

αk (26a)

γR→Ak
=

2PR
σ2
U

∣∣wH
AkrH

T
Ak

c∗k
∣∣2

wH
AkrwAkr

=
2PR
σ2
U

αAk
(26b)

γR→Bk
=

2PR
σ2
U

∣∣wH
BkrH

T
Bk

c∗k
∣∣2

wH
BkrwBkr

=
2PR
σ2
U

αBk
(26c)

where αk = min{αAk
, αBk

}, and αAk
and αBk

are obtained
from (16).

Similarly, upon substituting (11) and (22), the SNRs of the
SA-based FDE can be derived, which has the same form as (26),
except that αAk

and αBk
are obtained from (12).

In the AF relay, the end-to-end SNR of the kth pair of users
can be derived as (see the Appendix)

γAF
Ak

=
PU
σ2
R

PR
σ2
U

αkαBk

PR
σ2
U

αBk
+ PU

σ2
R

αk + 1
2

(27a)

γAF
Bk

=
PU
σ2
R

PR
σ2
U

αkαAk

PR
σ2
U

αAk
+ PU

σ2
R

αk + 1
2

. (27b)

Substituting (25a) and (25b) or (27a) and (27b) into (24),
we can obtain the instantaneous spectral efficiency of the
MC-CDMA TWR system using the EF or AF relay, which is

ηEF =
1

2M

K∑
k=1

log
(

1 + min
{

PU
σ2
R

αk,
2PR
σ2
U

αBk

})

+
1

2M

K∑
k=1

log
(

1 + min
{

PU
σ2
R

αk,
2PR
σ2
U

αAk

})

(28a)
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ηAF =
1

2M

K∑
k=1

log


1 +

PU
σ2
R

PR
σ2
U

αkαBk

PU
σ2
R

αk + PR
σ2
U

αBk
+ 1

2




+
1

2M

K∑
k=1

log


1 +

PU
σ2
R

PR
σ2
U

αkαAk

PU
σ2
R

αk + PR
σ2
U

αAk
+ 1

2


 .

(28b)

When substituting αSA
uk

in (12) or αESA
uk

in (16) into (28a)
and (28b), we can obtain the spectral efficiency of the SA-based
FDE or that of the Max-SNR ESA-based FDE.

Proposition 2: When the employed spreading sequences are
orthogonal, i.e., CHC = IK , the spectral efficiency of the
Max-SNR ESA-based one-tap FDE is equal to or greater than
that of the SA-based one-tap FDE.

Proof: Upon substituting (17), (12), and (16) can be
rewritten as

αSA
uk

=
(
eH

k UHP H
(
Huk

HH
uk

)−1
PUek

)−1

=


 K∑

j=1

|Uk,j |2
M∑

m=1

|Pm,j |2
|Huk,m

|2




−1

(29a)

αESA
uk

=
(
eH

k UH
(
P HHuk

HH
uk

P
)−1

Uek

)−1

=


 K∑

j=1

|Uk,j |2∑M
m=1 |Pm,j |2|Huk,m

|2




−1

(29b)

where Uk,j is the (j, k)th element of U .
Obviously, (29a) and (29b) can be expressed as the following

unified form:

αuk
=


 K∑

j=1

|Uk,j |2Π−1
uk,j




−1

(30)

where

ΠSA
uk,j

=

(
M∑

m=1

|Pm,j |2|Huk,m
|−2

)−1

(31a)

ΠESA
uk,j

=
M∑

m=1

|Pm,j |2|Huk,m
|2. (31b)

When CHC = IK , i.e., UHP HPU = IK , we have
P HP = UUH = IK , i.e.,

∑M
m=1 |Pm,j |2 = 1. Conse-

quently, ΠSA
uk,j

in (31a) is a weighted harmonic mean of
{|Huk,m

|2}, whereas ΠESA
uk,j

in (31b) is their weighted
arithmetic mean. The weighted arithmetic mean of nonnegative
numbers is always greater than or equal to their weighted
harmonic mean [22], i.e.,

ΠESA
uk,j

≥ ΠSA
uk,j

, uk = Ak,Bk. (32)

Substituting (32) into (30), we have αESA
uk

≥ αSA
uk

. Further
substituting this inequality into (28a) and (28b) and after some
regular manipulations, we can obtain ηESA ≥ ηSA for both the
EF and AF relays. �

2) Optimization of the Spreading Matrix: As shown in
(29b), spreading matrix P affects the performance of the Max-
SNR ESA-based one-tap FDE. Therefore, we can improve the
performance of the one-tap FDE by designing P .

The spreading matrix essentially represents how to change
the equivalent channel after despreading by exploiting the
redundant subcarriers. From (31b), we can see that the number
of the nonzero elements in each column of P , their indexes,
and weighting coefficients, respectively, denote how many and
which subcarriers should be combined and how to combine
them. Considering that the relay has no CSI, to provide the max-
imal diversity gain, the spreading matrix should be designed to
combine the maximal number of subcarriers with the maximal
spacing and equal gain weighting, i.e., P o, whose elements
satisfy

∣∣P o
m,j

∣∣ =




1/
√

N, m = nK + j
n ∈ [0, N), j ∈ [1,K]

0, otherwise.
(33)

Proposition 3: When N ≥ L, where L is the number of
resolvable paths, the Max-SNR ESA-based one-tap FDE with
P o can achieve the matched filter bound (MFB), i.e.,

αuk
=

L−1∑
l=0

|huk,l
|2, uk = Ak,Bk (34)

where huk,l
denotes the lth resolvable path in the time domain

for l = 0, . . . , L − 1.
Proof: The channel response at the mth subcarrier can be

expressed as Huk,m
=

∑L−1
l=0 huk,l

exp(−i(2π(m − 1)l/M)).
For optimal spreading matrix P o, when N ≥ L, we have

ΠESA
uk,j

=
1
N

N−1∑
n=0

|Huk,nK+j
|2

=
N−1∑
n=0

∣∣∣∣∣ 1√
N

L−1∑
l=0

huk,l
exp

(
−i

2π(nK+j−1)l
NK

)∣∣∣∣∣
2

=
N−1∑
n=0

∣∣∣∣∣ 1√
N

N−1∑
l=0

h̃uk,l
exp

(
−i

2π(j − 1)l
NK

−i
2πnl

N

)∣∣∣∣∣
2

(35)

where h̃uk,l
= huk,l

if l < L; otherwise, h̃uk,l
= 0.

By using Parseval’s theorem, (35) becomes

ΠESA
uk,j

=
N−1∑
n=0

∣∣∣∣h̃uk,l
exp

(
−i

2π(j − 1)l
NK

)∣∣∣∣
2

=
L−1∑
l=0

|huk,l
|2. (36)

Substituting (36) into (30), we obtain (34). �
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Note that spreading factor N ≥ L is a special case for
MC-CDMA systems, and the conclusion seems trivial.
Nonetheless, it has been shown that if there is one data stream
(i.e., K = 1, N = M ), the MC-CDMA system with Walsh–
Hadamard codes can achieve the MFB [23]. In MC-CDMA
systems, usually more than one data stream is simultaneously
transmitted to support multiple pairs of users. Proposition 3
implies that, for any orthogonal codes U and for any number of
K ≤ M/L, the ESA-based one-tap FDE with P o can always
achieve the MFB.

B. Average Spectral Efficiency and Optimal Power Allocation

Now, we analyze the average spectral efficiency of Max-SNR
ESA signaling in fading channels, with which we can show
the impact of the spreading sequences and further optimize the
optimal power allocation.

1) Asymptotic Analysis: The study in [24] indicates that,
when K > 2, it is intractable to derive an explicit expression
of the average spectral efficiency. Fortunately, as K → ∞, we
can obtain the closed-form asymptotic spectral efficiency,
which converges to the average spectral efficiency. Moreover,
as shown in the later simulation results, as M/K → N , the
asymptotic spectral efficiency is close to the average spectral
efficiency with finite K and M . In the following, we will
analyze the asymptotic spectral efficiency.

In (28a) and (28b), only term αuk
depends on the channel

response. To analyze the asymptotic spectral efficiency, it is
important to derive the asymptotic value of αuk

, i.e., ᾱk =
limK→∞ αuk

. Since based on the forthcoming analysis ᾱk only
depends on the statistics of fading channels that are assumed
to be identical for all users, i.e., ᾱk is independent of k, ᾱk is
denoted by ᾱ in the sequel.

For Max-SNR ESA signaling, the asymptotic value can be
obtained from (16) by using the similar analysis in [25], i.e.,

ᾱ = lim
K→∞

(
eH

k

(
CHHuk

HH
uk

C
)−1

ek

)−1

=
(
1/Ktr

(
CHHuk

HH
uk

C
)−1

)−1

=


 ∞∫

0

x−1fCHHuk
HH

uk
C(x)dx




−1

=
1

ϕ
(
CHHuk

HH
uk

C
) (37)

where ϕ(X) ∆=
∫

fX(t)/tdt, and fX(x) is the probability
density function (pdf) of the eigenvalues of X .

Since (37) is related to the characteristics of spreading
sequences and fading channels, we consider several typi-
cal spreading sequences for MC-CDMA TWR systems in
Rayleigh fading channels, including the nonorthogonal random
sequences whose entries are i.i.d. random variables, the or-
thogonal random sequences that are uniformly distributed over
the orthogonal space, and the spreading sequences constructed
from (17) for the one-tap FDE with the optimal spreading
matrix in (33). They are respectively referred to as i.i.d., or-
thogonal, and one-tap codes for short in the sequel.

i.i.d. Codes: When C is an M × K matrix whose entries
are i.i.d. complex random variables with zero mean and vari-
ance 1/M , and Huk

HH
uk

is a Hermitian random matrix and
independent of C, [25, Th. 2.42 and Lemma 2.28] showed that
as K,M → ∞ with M/K → N , the empirical distribution of
the eigenvalues of CHHuk

HH
uk

C converges with a probabil-
ity of 1 to a distribution that satisfies

G
(

1
N

ϕ
(
CHHuk

HH
uk

C
))

= 1 − 1
N

(38)

where

G(x) ∆=
∫ fHuk

HH
uk

(t)

1 + xt
dt (39)

and fHuk
HH

uk
(x) is the pdf of the eigenvalues of Huk

HH
uk

.

In Rayleigh fading channels, Huk
HH

uk
is an M × M diag-

onal matrix whose diagonal elements are exponentially distrib-
uted, i.e., fHuk

HH
uk

(x) = e−x. Substituting into (39), we have

G(x) = (1/x) exp(1/x)Ei(−1/x) (40)

where Ei(x) ∆=
∫ x

−∞ et/tdt denotes the exponential integral
function.

Substituting (40) into (38) and computing the inverse func-
tion of G(x), the asymptotic value of αuk

with i.i.d. codes is

ᾱi.i.d. =
1

NH(1 − 1/N)
(41)

where H(x) = G−1(x) is the inverse function of G(x).
Orthogonal codes: When Huk

HH
uk

is the same as the
preceding case but C becomes an M × K matrix uniformly
distributed over the manifold of M × K complex matrices such
that CHC = I , [25, Ex. 2.51 and Lemma 2.28] indicated that
as K,M → ∞ with M/K → N , the empirical distribution of
the eigenvalues of CHHuk

HH
uk

C converges with a probabil-
ity of 1 to a distribution that satisfies

G
(

1
N − 1

ϕ
(
CHHuk

HH
uk

C
))

= 1 − 1
N

. (42)

Substituting (40) into (42) and computing the inverse func-
tion of G(x) again, the asymptotic value of αuk

with orthogonal
codes is

ᾱOrth =
1

(N − 1)H(1 − 1/N)
. (43)

One-tap codes: When C is constructed from (17) for
the one-tap FDE, U is a unitary matrix and Πuk

=
P HHuk

HH
uk

P is a diagonal matrix. Therefore, UHΠuk
U

is an eigendecomposition of CHHuk
HH

uk
C, i.e., Πuk

is
the eigenvalue matrix of CHHuk

HH
uk

C. When the optimal
spreading matrix in (33) is considered, from (31b), we have

ΠESA
uk,j

=
1
N

N−1∑
n=0

|Huk,nK+j
|2 (44)
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where |Huk,nK+j
|2 is exponentially distributed. Then, the pdf

of CHHuk
HH

uk
C is

fCHHuk
HH

uk
C(x) =

N

(N − 1)!
(Nx)N−1e−Nx. (45)

Substituting (45) into (37) and applying [26, eq. (3.351.3)],
we have ϕ(CHHuk

HH
uk

C) = N/(N − 1). Substituting into
(37), the asymptotic value of αuk

with one-tap codes is

ᾱOne−tap = 1 − 1/N. (46)

Note that ᾱ is only related to the eigenvalue of
CHHuk

HH
uk

C but independent of the eigenvector matrix, i.e.,
U . Therefore, it is not necessary to design U ; in other words,
U can be chosen as an arbitrary unitary matrix.

From (28a) and (28b), the asymptotic spectral efficiency
of MC-CDMA TWR systems using EF and AF relays is
obtained as

η̄EF
ESA =

1
N

log
(

1 + min
{

PU
σ2
R

,
2PR
σ2
U

}
ᾱ

)
(47a)

η̄AF
ESA =

1
N

log


1 +

PU
σ2
R

PR
σ2
U

ᾱ2(
PU
σ2
R

+ PR
σ2
U

)
ᾱ + 1

2


 (47b)

where ᾱ is obtained from (41), (43), and (46) for i.i.d., orthog-
onal, and one-tap codes, respectively.

We will show the impact of various spreading sequences on
the spectral efficiency of MC-CDMA TWR systems with the
Max-SNR ESA-based FDE via numerical analysis in the next
section.

Now, we have obtained the closed-form expression of the
asymptotic spectral efficiency, as shown in (47a) and (47b). The
spectral efficiency depends on spreading factor N = M/K and
the maximal transmit powers at the relay and the users, i.e., PU
and PR. Due to the complicated relationship between spectral
efficiency and load factor 1/N = K/M , it is rather involved
to directly derive optimal load factor K/M . Nonetheless, in
the practical MC-CDMA TWR systems where the number of
subcarriers M is given, the number of user pair K is an integer
in the range of [1,M ]. Therefore, it is not hard to find the
optimal value of K by M − 1 comparisons, and then, optimal
load factor 1/N = K/M is obtained. In contrast, there exists
an explicit relationship between the spectral efficiency and
the maximal transmit powers. We can optimize the maximal
transmit powers of the relay and the users to maximize the
spectral efficiency.

2) Optimal Power Allocation: To avoid frequent informa-
tion exchange between the users and the relay, the maximal
powers are allocated by optimizing the average spectral effi-
ciency instead of the instantaneous spectral efficiency. Assum-
ing that the network overall power per symbol P = PU + PR is
limited.

When σ2
R = σ2

U = σ2, from (47a), we know that the average
spectral efficiency of the EF relay is monotonically increasing

with min{PU , 2PR}. Then, the optimal power allocation can be
derived by maximizing min{PU , 2PR}, which is

PU = 2P/3 PR = P/3 (48)

and the corresponding maximal spectral efficiency is

η̄EF
ESA =

1
N

log
(

1 +
2P

3σ2
ᾱ

)
. (49)

Substituting PU = P − PR into (47b) and letting
∂η̄AF

ESA/∂PR = 0, the optimal power allocation that maximizes
the average spectral efficiency of the AF relay is

PU = P/2 PR = P/2 (50)

and the corresponding maximal spectral efficiency is

η̄AF
ESA =

1
N

log

(
1 +

P

4σ2
ᾱ

(
1 +

1
2ᾱ

σ2

P

)−1
)

≤ 1
N

log
(

1 +
P

4σ2
ᾱ

)
. (51)

Comparing (49) with (51), we can see that the EF relay is
more spectral efficient than the AF relay.

C. Performance Comparison Between ESA and NSA

To investigate the performance gain of ESA signaling over
NSA signaling, we first analyze the asymptotic spectral effi-
ciency of MC-CDMA TWR systems using NSA signaling.

When each user only has the CSI between the relay and
itself while the relay has no CSI as we have assumed, we
can design NSA signaling by solving the same optimization
problem as in (14), except that the interference-free constraints
now become CHHAk

wAk
= √

αAk
eAk

and CHHBk
wBk

=√
αBk

eBk
. Using the same procedure as we derive the spectral

efficiency of ESA signaling in Section IV-B, we can derive the
spectral efficiency of NSA signaling. It shows that the spectral
efficiency of NSA signaling is only 1/2 of that of ESA signaling
when 1/2 of the users are supported by NSA signaling, as
compared with those served by ESA signaling. However, under
the considered CSI assumption, such NSA signaling is not a
good solution since we can always employ the proposed ESA
that performs much better.

In the literature of NSA signaling [8], there is a popular CSI
assumption where the relay has the CSI of all users but the
users have no CSI. To ensure MUI-free transmission, the relay
employs the ZF transceiver [8] for NSA signaling. Although
such a CSI assumption is inconsistent with that for SA or ESA
signaling, the comparison is relatively fair since the CSI is
available either at the users or at the relay. When the EF relay is
employed by SA or ESA signaling, the DF relay is considered
for NSA signaling, which is comparable. In this scenario, the
TWR system with K pairs of users is equivalent to a two-
hop relay system with 2K pairs of users. Therefore, we can
obtain the performance of MC-CDMA TWR systems with NSA
signaling from the well-established results of two-hop relay
systems [1], [20].

For NSA signaling, from the conclusions in [1] and [20]
and after using the similar derivations with SA signaling, the
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instantaneous spectral efficiency with the DF or AF relay can
be obtained as

ηDF
NSA =

1
2M

K∑
k=1

log
(

1 + min
{

PU
σ2
R

βAk
,
PR
σ2
U

βBk

})

+
1

2M

K∑
k=1

log
(

1 + min
{

PU
σ2
R

βBk
,
PR
σ2
U

βAk

})
(52a)

ηAF
NSA =

1
2M

K∑
k=1

log


1 +

PU
σ2
R

PR
σ2
U

βAk
βBk

PU
σ2
R

βAk
+ PR

σ2
U

βBk
+ 1




+
1

2M

K∑
k=1

log


1 +

PU
σ2
R

PR
σ2
U

βBk
βAk

PU
σ2
R

βBk
+ PR

σ2
U

βAk
+ 1




(52b)

where

βAk
=

(
eH

k

(
H̄

H
ABH̄AB

)−1

ek

)−1

(53a)

βBk
=

(
eH

k+K

(
H̄

H
ABH̄AB

)−1

ek+K

)−1

(53b)

and H̄AB = [HA1c1, . . . ,HAK
cK ,HB1c1, . . . ,HBK

cK ] is
the M × 2K equivalent channel matrix.

To simplify the analysis, here we assume that the diagonal
elements of HA1 , . . . ,HAK

,HB1 , . . . ,HBK
are zero-mean

i.i.d. random variables with normalized variance. This implies
that we assume that the channels of all links are independent
frequency-selective fading. We will show in later simulations
that the obtained conclusion is still valid without this assump-
tion. As a result, no matter what the spreading sequences ck,
k = 1, . . . , K are, the elements of equivalent channel matrix
H̄AB are i.i.d. random variables. Since the diagonal entries
of Huk

, uk = Ak,Bk, are zero mean and with normalized
variance, and the spreading sequences satisfy cH

k ck = 1, the
elements of H̄AB are zero mean and with variance 1/M .

Then, according to Marcenko–Pastur law [25] in the random
matrix theory, as K,M → ∞ with M/K → N , the empirical
distribution of H̄

H
ABH̄AB converges with a probability of 1 to a

distribution that satisfies(
ϕ
(
H̄

H
ABH̄AB

))−1

= (1 − 2K/M)+ = (1 − 2/N)+. (54)

Consequently, the asymptotic value of βuk
can be obtained as

β̄ = limK→∞ βuk
= (1 − 2/N)+. Substituting into (52a) and

(52b), the asymptotic spectral efficiency of MC-CDMA TWR
systems using NSA signaling becomes

η̄DF
NSA =

1
N

log

(
1 + min

{
PU
σ2
R

,
PR
σ2
U

} (
1 − 2

N

)+
)

(55a)

η̄AF
NSA =

1
N

log


1 +

PU
σ2
R

PR
σ2
U

((
1 − 2

N

)+
)2

(
PU
σ2
R

+ PR
σ2
U

) (
1 − 2

N

)+ + 1


 . (55b)

Considering that the asymptotic spectral efficiency of
MC-CDMA TWR systems with Max-SNR ESA signaling de-
pends on the spreading sequence, we compare the performance

when the one-tap code is employed, because it is of low
complexity and of practical interest.

Substituting (46) into (47a) and (47b), the asymptotic spec-
tral efficiency of MC-CDMA TWR systems using ESA signal-
ing is

η̄EF
ESA =

1
N

log
(

1 + min
{

PU
σ2
R

,
2PR
σ2
U

}(
1 − 1

N

))
(56a)

η̄AF
ESA =

1
N

log


1 +

PU
σ2
R

PR
σ2
U

(
1 − 1

N

)2

(
PU
σ2
R

+ PR
σ2
U

) (
1 − 1

N

)
+ 1

2


 . (56b)

Comparing (55a) with (56a), and (55b) with (56b), we have

η̄AF
ESA(N) > η̄AF

NSA(N) (57a)
η̄EF
ESA(N) ≥ η̄DF

NSA(N). (57b)

It follows that for an arbitrary spreading factor N , ESA signal-
ing is more spectral efficient than NSA signaling in MC-CDMA
TWR systems.

Setting the spreading factor in (56a) and (56b) as N , and that
in (55a) and (55b) as 2N , then we have

ηAF
ESA(N) > 2ηAF

NSA(2N) (58a)
ηEF
ESA(N) ≥ 2ηDF

NSA(2N). (58b)

It means that when the number of users is doubled, ESA
signaling achieves more than twice of the spectral efficiency
of NSA signaling. In addition, denote No

ESA and No
NSA as

the optimal spreading factors to achieve the maximal spectral
efficiency of the MC-CDMA TWR system using the ESA and
NSA signaling procedures, respectively, from (58a) and (58b),
it is not difficult to derive that

ηAF
ESA(No

ESA) ≥ ηAF
ESA (No

NSA/2) > 2ηAF
NSA (No

NSA) (59a)

ηEF
ESA(No

ESA) ≥ ηEF
ESA (No

NSA/2) ≥ 2ηDF
NSA (No

NSA) . (59b)

As a result, when the one-tap code is employed, the maximal
spectral efficiency of ESA signaling is twice more than that
of NSA signaling. Moreover, from our forthcoming simulation
and numerical analysis, we can see that the performance of
orthogonal codes is better than that of one-tap codes. Therefore,
the results in (59a) and (59b) are also valid for orthogonal codes.

V. NUMERICAL AND SIMULATION RESULTS

Here, we demonstrate the performance of the MC-CDMA
TWR systems with the Max-SNR ESA-based FDE. In the sim-
ulations, the MC-CDMA signals over M = 32 subcarriers are
transmitted over frequency-selective Rayleigh fading channels
with L = 8 resolvable multiple paths. Assuming that the noises
at both the relay and all the users have the same variance, i.e.,
σ2
R = σ2

U = σ2, then the SNR per symbol is P/σ2.
To show the spectral efficiency gain provided by SA or ESA

signaling, the performance of the MC-CDMA TWR system
with NSA signaling is shown as a reference. The NSA signaling
procedure we simulated is the same as that we have analyzed
in Section IV. We first illustrate the data rate per user pair of
MC-CDMA TWR systems using the Max-SNR ESA, SA,
and NSA signaling procedures, where the orthogonal and
nonorthogonal random spreading sequences are considered in
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Fig. 2. Data rate per user pair versus SNR of MC-CDMA TWR systems using
orthogonal codes PR = PU = P/2. The results of SA signaling with N = 4
and N = 2 overlap.

Fig. 3. Data rate per user pair versus SNR of MC-CDMA TWR systems using
i.i.d. codes PR = PU = P/2.

Figs. 2 and 3, respectively. From these figures, we see that
SA signaling is superior to NSA signaling when N = 2 but is
inferior to NSA signaling when N = 4. This can be explained
as follows: When N = 2, the TWR system with NSA signaling
is fully loaded but that with SA signaling is underloaded.
Therefore, SA signaling outperforms NSA signaling. When
N = 4, the TWR system with both NSA and SA signaling
procedures is underloaded. Due to the signal power loss, SA
signaling suffers from severe spectral efficiency degradation.
By contrast, Max-SNR ESA signaling achieves the highest
spectral efficiency among them.

Comparing Fig. 2 with Fig. 3, we can see that when the
spreading sequences become nonorthogonal, there exists severe
performance degradation for SA signaling but only a slight
performance loss for ESA signaling. When orthogonal spread-
ing sequences are used, SA signaling can achieve MUI-free
transmission. From (11), we know that the SA-base FDE does
not depend on the spreading factor; hence, the results of N = 2
and N = 4 overlap. On the other hand, when nonorthogonal
spreading sequences are employed, SA signaling introduces

Fig. 4. Data rate per user pair versus spreading factor N of MC-CDMA
TWR systems using the Max-SNR ESA-based one-tap FDE, EF relay,
PR = PU = P/2.

interference among multiple user pairs; thereby, the case of
N = 2 performs worse due to more severe interference among
user pairs. It is shown that ESA signaling is more robust to the
orthogonality of spreading sequences than SA signaling.

We then investigate the data rate per user pair of the MC-
CDMA TWR systems using the Max-SNR ESA-based one-tap
FDE in Fig. 4, where different spreading matrices are compared
and the MFB is provided as a reference. Spreading matrix P 1

chooses only K subcarriers to transmit K symbols, whereas
P 2 and P o exploit the whole bandwidth, i.e., all M subcarriers
to transmit the symbols. Different from P o, which combines
the subcarriers with the maximal spacing, P 2 combines the
adjacent subcarriers.

It is shown that the data rates with all spreading matrices
increase with N . When N = 1, all spreading matrices achieve
the same performance. When N > 1, P o and P 2 outperform
P 1. This is because P o and P 2 combine more subcarriers to
provide more diversity gain than P 1. Since the channel correla-
tion between adjacent subcarriers will reduce the diversity gain
provided by P 2, it is inferior to P o. Furthermore, P o achieves
the MFB when N ≥ L. These results agree with our analysis
very well.

Fig. 5 shows the spectral efficiency of Max-SNR ESA sig-
naling obtained from the asymptotic analysis and simulation,
respectively. It shows that the asymptotic analysis results are
close to the simulation results in a finite number of users and
subcarriers for an arbitrary SNR. We also show the impact
of different spreading sequences on Max-SNR ESA signaling.
It is clear that the orthogonal codes achieve the maximal
spectral efficiency, whereas the i.i.d. codes are the opposite.
The performance of one-tap codes is quite close to that of
orthogonal codes. Therefore, the proposed one-tap Max-SNR
ESA-based FDE achieves a good tradeoff between performance
and complexity for MC-CDMA TWR systems.

From the foregoing results, we can see that Max-SNR ESA
signaling performs well when N > 1, i.e., the system is un-
derloaded. Intuitively, the large value of N (or equivalently
the small value of K) means a waste of spectrum resource.
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Fig. 5. Spectral efficiency versus SNR of MC-CDMA TWR systems using the
Max-SNR ESA-based FDE with different codes, EF relay and PR = PU =
P/2.

Fig. 6. Impact of K on the spectral efficiency of MC-CDMA TWR systems
using the EF or DF relay and PR = PU = P/2.

To see if this is true, we investigate the spectral efficiency of
MC-CDMA TWR systems with different K in Fig. 6, where
the orthogonal codes are employed. We observe that when
K ≤ 12, NSA signaling can achieve higher spectral efficiency
than SA signaling. However, when K > 12, the observation is
the opposite. For NSA signaling with a ZF relay, the system
is fully loaded or overloaded when K ≥ 16 given M = 32;
thereby, the spectral efficiency will reduce to zero. ESA signal-
ing always outperforms other signaling procedures no matter
what the value of K is. Moreover, the maximal spectral ef-
ficiency of NSA signaling is 1.4 bit/s/Hz (K = 12), whereas
that of ESA signaling is 3.2 bit/s/Hz (K = 30). Therefore,
the maximal spectral efficiency of ESA signaling is about
2.3 times more than that of NSA signaling, which agrees with
our conclusion shown in (59b) very well.

Fig. 7 shows the impact of the power allocation among the
relay and the users on the spectral efficiency of MC-CDMA
TWR systems with Max-SNR ESA signaling, where K = 30 is
chosen from Fig. 6 to achieve the maximal spectral efficiency.
We can see that equal-power allocation, i.e., PU = PR, is

Fig. 7. Impact of the power allocation between the relay and the users on
the spectral efficiency of MC-CDMA TWR systems using the Max-SNR ESA-
based FDE and K = 30.

optimal for the AF relay, whereas PU = 2PR is optimal for
the EF relay, which is consistent with our theoretical analysis.
Comparing the spectral efficiency of MC-CDMA TWR systems
using different forwarding schemes, we can see that the EF
relay is more spectral efficient than the AF relay.

VI. CONCLUSION

In this paper, we have developed an ESA signaling procedure
to improve the spectral efficiency of MC-CDMA TWR systems
through exploiting the feature of frequency-spreading systems.
By aligning the received symbols after despreading rather than
aligning the received signals before despreading, ESA signaling
relaxes the alignment constraint and allows more feasible solu-
tions to align the signals from each pair of users. Based on the
observation that the signal power loss is a bottleneck to improve
the performance of SA signaling, we developed an optimal ESA
signaling procedure to maximize the SNR. Considering that
the complexity and performance of ESA signaling depend on
the spreading sequence, we designed the spreading sequences
to obtain a low-complexity one-tap FDE to implement ESA
signaling and to provide the maximal diversity gain for the
FDE. Through analytical analysis, we showed that the spectral
efficiency of the proposed ESA signaling with the optimal load
factor is twice more than that of NSA signaling. Simulation
results demonstrate that ESA signaling is superior to SA and
NSA signaling procedures in various SNR levels, spreading
factors, and different numbers of user pairs and is robust to the
nonorthogonal spreading sequences.

APPENDIX

DERIVATION OF THE SNR WITH THE AF RELAY

Substituting (15) into (4) and then (6), after signal-level SIC,
the symbol from user Ak to user Bk can be estimated as

d̂Ak
=

√
αAF

k wH
BkrH

T
Bk

c∗kcH
k HAk

wBktdAk

+
√

αAF
k wH

BkrH
T
Bk

c∗kcH
k nR + wH

BkrnBk
. (60)
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Then, it is not difficult to derive that the signal power and
noise power, respectively, in terms of d̂Ak

are

PsAk
=PU

∣∣∣∣
√

αAF
k wH

BkrH
T
Bk

c∗kcH
k HAk

wBkt

∣∣∣∣
2

=PUαAF
k α2

k (61)

PnAk
=αAF

k wH
BkrH

T
Bk

c∗kcT
k H∗

Bk
wBkrσ

2
R + wH

BkrwBkrσ
2
U

=αAF
k αkσ2

R + αk/αBk
σ2
U (62)

where αAF
k = 2PR/(2PUαk + σ2

R).
Then, the corresponding received SNR becomes

γAF
Ak

=
PsAk

PnAk

=
PUαAF

k αk

αAF
k σ2

R + 1/αBk
σ2
U

=
2PUPRαkαBk

2PRαBk
σ2
R + 2PUαkσ2

U + σ2
Rσ2

U

=
PU
σ2
R

PR
σ2
U

αkαBk

PR
σ2
U

αBk
+ PU

σ2
R

αk + 1
2

. (63)

Similarly, we can derive the SNR of d̂Bk
as

γAF
Bk

=
PU
σ2
R

PR
σ2
U

αkαAk

PR
σ2
U

αAk
+ PU

σ2
R

αk + 1
2

. (64)
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