
Spatial User Capacity of UWB Networks with
Space-Time Focusing Transmission

Yafei Tian and Chenyang Yang
School of Electronics and Information Engineering, Beihang University

37 Xueyuan Road, Haidian District, Beijing, P. R. China 100191
Email: ytian@buaa.edu.cn, cyyang@buaa.edu.cn

Abstract— Space-time focusing transmission in impulse-radio
ultra-wideband (IR-UWB) systems resorts to the large number of
resolvable paths to reduce the inter-pulse interference as well as
the multiuser interference, and to simplify the receiver design.
In this paper, we study the spatial user capacity of IR-UWB
systems with space-time focusing transmission where the users
are randomly distributed. We will derive the power distribution of
the aggregate interference and investigate the collision probability
between the desired focusing peak signal and interference signals.
The closed-form expressions of the upper and lower bound of
the outage probability and the spatial user capacity are obtained.
Analysis results reveal the connections between the spatial user
capacity and various system and channel parameters such as
antenna gain, frame length, path loss factor, and multipath delay
spread, which provide design guidelines for IR-UWB networks.

I. INTRODUCTION

Impulse-radio ultra-wideband (IR-UWB) signals have large
bandwidth, which can resolve a large number of multipath
components in densely scattered channels. For communica-
tion links connecting different pairs of users, the correlation
between multipath channel coefficient vectors are weak even
when the user positions are very close [1]. Exploiting these
characteristics, time-reversal (TR) prefiltering technique was
proposed in IR-UWB communications [2], [3], which can fo-
cus the signal energy to a specific time instant and geometrical
position.

The space-time focusing transmission has been widely stud-
ied in underwater acoustic communications [4], [5], and UWB
radar and imaging areas [6], [7]. In UWB communications, TR
technique is usually used to provide low complexity receiver
[8]. By prefiltering the signal at the transmitter side with a
temporally reversed channel impulse response, the received
signal will have a peak at the desired time and location. The
physical channel behaves as a spatial-temporal matched filter.
In time domain, the focused peak is a low duty-cycle signal,
thus inter-pulse interference reduces and a simple one-tap
receiver can be used. In space domain, the strong signal only
appears at one spot, thus mutual interference among coexisting
users can be mitigated. TR techniques are also evolved for
multiuser and multi-antenna transmission in recent years [9]–
[12].

IR-UWB communications are favorable for ad hoc networks
with randomly distributed nodes, where transmission links
are built in a peer-to-peer mode. Although experiment results
demonstrate that space-time focusing transmission leads to

much lower sidelobes of the transmitted signal, the impact
of such kind of interference on the user capacity has not been
studied, as far as the authors known. Analyzing the spatial
user capacity can provide some insight into the problem of
how and why each system or channel parameter affect the
network performance, and will provide design guidelines for
IR-UWB networks.

In a landmark paper on the ad hoc network capacity
[13], the authors showed that the throughput for each node
vanishes with

√
n, where the channel was shared by n identical

randomly located nodes with the random access scheme.
Some results on user capacity for direct sequence code-
division multi-access (DS-CDMA) and frequency hopping
(FH)-CDMA systems were presented in [14], [15]. Essen-
tially, space-time focusing transmission in IR-UWB systems
accesses the channel with a combined random time-division
and random code-division scheme. The random propagation
delay of the low duty-cycle signal leads to a random accessing
time, and the random multipath response of the communication
link induces a random “spreading code”. Larger number of
multipath components will bring higher “spreading gain”, but
may also lead to higher collision probability. The combined
impact on the user capacity is still not well-understood.

In this paper, we model the aggregate interference pow-
ers as two heavy-tailed distributions, i.e., Cauchy and Lévy
distributions, according to the path loss factor being 2 or
4. This yields explicit upper and lower bounds of the user
capacity, which shows clearly the connections between the
user capacity and the frame length, multipath delay spread,
pulse width, transmit antenna number, link distance and the
outage probability constraint, etc.

The rest of this paper is organized as follows. Section II in-
troduces the network setting and the UWB space-time focusing
transmission system. Then in Section III the upper and lower
bounds of the outage probability in AWGN channels and in
multipath and multi-antenna channels are respectively derived,
and the closed-form expressions of the spatial user capacity
are obtained. Simulation results are provided in Section IV to
verify the theoretical analysis in various conditions. The paper
is concluded in Section V.

II. SYSTEM DESCRIPTION

We consider ad hoc networks without coordinators, where
half-duplex nodes distributed uniformly within a circle, as
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Fig. 1. (a) Nodes distribution in ad hoc networks, where the solid triangles
denote transmitters and the solid circles denote receivers. (b) Interference
channel model.

shown in Fig. 1(a). Each node is either a transmitter or a
receiver. Without loss of generality, we regard the receiver at
the center as the desired user, and all transmitters except the
desired one as the interference users. This is an interference
channel problem, whose equivalent model is shown in Fig.
1(b). The link distance of the desired transmitter and receiver
is rD, while the link distances between the interference trans-
mitters and the desired receiver are random variables whose
values are less than a threshold distance rT , where rT � rD.
The weak interference outside rT are neglected.

In AWGN channels, the channel response h(t) = δ(t), then
the TR prefilter is also δ(t). The transmitted signal of the kth
user is

s(k)(t) =
∑

i

√
Ptx

(k)
i p(t − iTs), (1)

where
√

Pt is the transmit power, x
(k)
i is the ith data symbol,

p(t) is the UWB short pulse with width Tp and normalized
energy, Ts is the pulse repetition period or the frame length
in UWB terminology. In each frame, there are Ns = Ts/Tp

time slots.
In multipath channels, define the channel response between

the transmitter j and receiver k as hj,k(t). Then the TR
prefilter at the kth transmitter for the kth receiver is h∗

k,k(−t),
and the transmitted signal is

s̃(k)(t) = s(k)(t) ∗ h∗
k,k(−t), (2)

where “∗” denotes convolution operation.
At the intended receiver k the received signal is a summa-

tion of the signals from all Nu coexisting users that are further
filtered by the multipath channels, i.e.,

r(k)(t) =
Nu−1∑
j=0

Aj,ks̃(j)(t − τj,k) ∗ hj,k(t) + z(t)

= Ak,ks(k)(t − τk,k) ∗ h∗
k,k(−t) ∗ hk,k(t)

+
Nu−1∑

j=0,j �=k

Aj,ks(j)(t − τj,k) ∗ h∗
j,j(−t) ∗ hj,k(t)

︸ ︷︷ ︸
Cochannel Interference

+z(t), (3)

where Aj,k and τj,k are the signal amplitude attenuation
and random propagation delay from the transmitter j to the
receiver k, respectively, and z(t) is additive white Gaussian
noises.

Since the prefilter h∗
k,k(−t) matches with the channel

response hk,k(t), there will be a focusing peak at t =
iTs + τk,k that is the desired signal from transmitter k.
The unintended cochannel interference from other transmitters
behave as random dispersions since hj,j(t) and hj,k(t) are
weakly correlated.

Assume that there is no intersymbol interference (ISI).
Then the receiver k can simply sample the focusing peak for
detection. The sampled signal is

r(k)[i] = r(k)(iTs + τk,k). (4)

In these samples, the signal energy from the desired trans-
mitter k is fully collected, while only parts of the energy from
interferers are present due to the dispersion of interference
signals. This leads to a power gain which is referred to as
spreading gain because of its similarity with the gain obtained
in conventional spreading systems. The value of this gain
depends on the delay spread and cross-correlation properties
of channel responses hj,j(t) and hj,k(t).

When the duration of h∗
j,j(−t) ∗ hj,k(t) is less than the

frame length Ts, the signal from transmitter j may not collide
with the focusing peak, thereby does not degrade the detection
performance of the desired user k. Longer Ts will cause lower
collision probability. This leads to another gain to mitigate the
interference which is referred to as time-focusing gain.

When each transmitter equips with M antennas, the channel
responses from each transmit antenna to the receive antenna
are different. As a result, the prefilters at different transmit
antennas are different. From each antenna of transmitter k,
there is a focused signal. The M focusing peaks will all
arrive at the same time instant and accumulate coherently, thus
an array gain M can be obtained, which is in fact a space-
focusing gain.

III. SPATIAL USER CAPACITY

We will first derive the outage probabilities of IR-UWB
systems in AWGN channels, the random interference powers
with different path loss factors are addressed by two kinds
of heavy-tailed distributions. We will then derive the outage
probabilities of IR-UWB systems in multipath channels and
with multiple transmit antennas, considering the impact of
channel delay spread on the spreading gain and collision
probability. The closed-form expressions of the spatial user
capacity are finally developed.

A. Outage Probability in AWGN Channels

In AWGN channels, the received signals are the combined
pulse trains from all users with different delays. When the
pulses from different users fall in the same time slot, mutual
interference will appear. Consider one interference user whose
distance to the desired user is r. Since the interference users
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are uniformly distributed inside a circle with the radius rT ,
the probability density function (PDF) of r is

fr(x) =
2x

r2
T

, x ≤ rT . (5)

The interference power depends on the propagation distance
r and the path loss factor α, i.e.,

Pr = Pt

(
4πfcr0

c

)−2(
r

r0

)−α

= P0r
−α, (6)

where P0 = Ptc
2rα

0 /(4πfcr0)2 is the received power at a
reference distance r0, fc is the carrier frequency, c is the light
speed. In free space propagation, the path loss factor α = 2,
while in urban propagation environments, the path loss factor
can be as large as 4. Other values of α between 2 and 4 can
reflect various propagation environments in suburban and rural
areas.

For the convenience of derivation, we normalize Pr with
P0r

−α
T and define a normalized interference power as

λ =
Pr

P0r
−α
T

. (7)

The PDF of λ can then be obtained as

fλ(x) =
2
α

x−(2/α)−1 =

⎧⎪⎨
⎪⎩

1
x2 , α = 2

2
3x5/3 , α = 3

1
2x3/2 , α = 4

, (8)

where x ≥ 1. It shows that λ has a heavy-tailed distribution,
which means that its tail decays with the power law instead
of the exponential law [16].

When there are more than one interference users, the PDF
of the aggregate interference power is the multi-fold convo-
lutions of (8). It is hard to obtain its closed-form expression.
Observing (8), we find that when α = 2, the PDF of λ can be
approximated by a Cauchy distribution

fλ(x;x0, b) =
2
π

[
b

(x − x0)2 + b2

]
=

1
x2 + π2/4

, (9)

where the location parameter x0 = 0, the scale parameter
b = π/2. The coefficient outside the bracket is 1/π in standard
Cauchy distribution, here it is replaced by 2/π because of the
single-sided constraint λ ≥ 1.

Using this approximation, the sum of n independent copies
of λ, defined as Λn, still follows the Cauchy distribution with-
out considering the constraint λ ≥ 1, where its scale parameter
increases to nb. The cumulative distribution function (CDF) of
Λn can be developed as [16]

FΛn
(x; 0,

π

2
) =

2
π

arctan
(

2x

nπ

)
. (10)

When the constraint is considered, the practical PDF of Λn

has heavier tail than that obtained by Cauchy distribution, and
thus the practical CDF of Λn is smaller than FΛn

(x; 0, π
2 ).

However, we will see in the later simulations that (10) is a
quite tight bound when few interference users exist.
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Fig. 2. The PDFs of Cauchy and Lévy distribution, as well as the
practical PDFs of the normalized interference power λ when α=2, 3,
and 4.

When α = 4, the PDF of λ can be approximated by a Lévy
distribution

fλ(x;x0, c) =
√

c

2π

e−c/2(x−x0)

(x − x0)3/2
=

1
2

[
e−π/4(x−1)

(x − 1)3/2

]
, (11)

where the location parameter x0 = 1, the scale parameter
c = π/2, and λ ≥ 1.

Using this approximation, Λn still subjects to Lévy distribu-
tion, where its location parameter becomes nx0 and its scale
parameter increases to n2c. The CDF of Λn can be derived as
[16]

FΛn
(x; 1,

π

2
) = erfc

(√
n2π

4(x − n)

)
, (12)

where erfc(·) is the complementary error function.
Fig. 2 shows the practical PDFs of the normalized inter-

ference power λ when α = 2, 3, 4, as well as their two
approximations. We can see that, Cauchy distribution serves
as a lower bound and Lévy distribution serves as an upper
bound.

Similar to (7), we define the normalized signal power as

λD =
P0r

−α
D

P0r
−α
T

=
rα
T

rα
D

. (13)

Assume that the required signal-to-interference-plus-noise-
ratio (SINR) for reliable transmission is β = λD/(λN + λI),
where λN = PN/(P0r

−α
T ) is the normalized noise power. If

the SNR of the desired user is given as γ, i.e., λD/λN = γ,
then the interference power tolerance will be

λI =
(

1
β
− 1

γ

)
λD = μ

rα
T

rα
D

, (14)

where μ = 1
β − 1

γ . The communication will break when the
interference power exceed λI .

We first consider that the pulses from n interference users
arrive at the same time slot with that of the desired user, then
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the outage probability of the desired user is

P (Λn > λI) = 1 − FΛn
(λI) =

⎧⎨
⎩erf

(√
n2π

4(λI−n)

)
, UB

2
π arctan

(
nπ
2λI

)
, LB

(15)

where erf(x) = 1− erfc(x) is the error function, ‘UB’ stands
for upper bound and ‘LB’ stands for lower bound. The upper
bound is derived from Lévy distribution and the lower bound
is derived from Cauchy distribution.

Since there are Ns time slots in a frame, if there are Nu

interference users in total, the probability that n users occupy
the same time slot with the desired user is

pNu
(n) =

Cn
Nu

(Ns − 1)Nu−n

NNu
s

. (16)

It is apparent that increasing Ns will reduce the collision
probability and thus reduce the average outage probability.
This is the benefit brought by the low duty-cycle characteristic
of the IR-UWB signals.

The average outage probability is the summation of all
the possibilities that n users generate interference and their
aggregate power exceeds the designed tolerance, i.e.,

Pout(Nu) =
Nu∑
n=1

pNu
(n)P (Λn > λI)

=

⎧⎨
⎩
∑Nu

n=1

Cn
Nu

(Ns−1)Nu−n

NNu
s

[
erf
(√

n2π
4(λI−n)

)]
, UB∑Nu

n=1

Cn
Nu

(Ns−1)Nu−n

NNu
s

[
2
π arctan

(
nπ
2λI

)]
. LB

(17)

B. Outage Probability in Multipath Channels

It is known that the small-scale fading of UWB channels
are very small [1]. Therefore, it is reasonable to assume that
the received signal power only depends on the path loss and
the shadowing. Assume that

∫∞
0

|hi,j(t)|2 = 1, i.e., the energy
of multipath channel is normalized, and τmax < Ts, i.e., there
is no ISI.

Assume that the channel’s power delay profile subjects to
exponential decaying, i.e.,

D(τ) =
1

τRMS
e
− τ

τRMS , τ > 0,

∫ ∞

0

D(τ)dτ = 1, (18)

where τRMS is the root-mean-square (RMS) delay spread of
the channel.

From (3), we know that the composite response of the
desired channel is h̃k,k(t) = h∗

k,k(−t) ∗ hk,k(t), which has
a focusing peak at t = 0 and the energy of the peak is∫∞
0

|hk,k(t)|2dt = 1. The duration of the peak signal is 2Tp,
thus its power is 1/2Tp.

Similarly, the composite response of the interference chan-
nel is h̃j,k(t) = h∗

j,j(−t) ∗hj,k(t), which is a random process
and its average power is obtained as

E
[
|h̃j,k(t)|2

]
=
∫ ∞

0

D(τ − t)D(τ)dτ =
1

2τRMS
e
− |t|

τRMS , (19)

where the first equality comes from the uncorrelated property
of the two channels.

We can see that the average interference channel power sub-
jects to double-sided exponential decaying. To obtain explicit
expressions of the spreading gain and the collision probability,
we approximate the profile of the average interference power
by a rectangle with the same area. The effect of this approxi-
mation will be shown through simulations.

Since the sum power of the interference channel is∫ ∞

−∞

1
2τRMS

e
− |t|

τRMS dt = 1, (20)

and the maximal value of (19) is 1/2τRMS, the rectangle has
a length 2τRMS given the height 1/2τRMS. Then the approxi-
mated interference channel power will always be 1/2τRMS in
a duration of 2τRMS.

Since the desired channel has a power 1/2Tp and the
interference channel has a power 1/2τRMS, the spreading gain
can be obtained as

GS =
1/2Tp

1/2τRMS
=

τRMS

Tp
, (21)

which reflects the interference suppression capability of the
TR prefiltering scheme through random code-division.

Since the frame length is Ts and the approximated interfer-
ence duration is 2τRMS, the probability that the signal of one
interference user collides with the focusing peak of the desired
user is approximatly

δ =
2τRMS

Ts
=

2GS

Ns
. (22)

The reciprocal of δ is actually the time-focusing gain, i.e.,

GT =
Ts

2τRMS
=

Ns

2GS
, (23)

which reflects the interference mitigation capability of TR
prefiltering scheme through random time-division.

When totally Nu users exist, the probability that n users
simultaneously interfere with the desired user is

pNu
(n) = Cn

Nu
δn(1 − δ)Nu−n. (24)

Due to the spreading gain, the influence of interference
on the decision statistics in multipath channels reduces to
1/GS of that in AWGN channels when the same interference
power is received. Consequently, when there are n interference
signals, an outage happens when the sum power of the inter-
ference signals Λn exceeds GSλI . Then the average outage
probability in multipath channels is

Pout(Nu) =
Nu−1∑
n=1

pNu
(n)P (Λn > GSλI). (25)

When each transmitter equips with M antennas, the output
power at each antenna reduces to 1/M of that in single-
antenna case. The desired signal will be increased by the array
gain M while both the interference power and the collision
probability between the interference and the desired signals
will not change. Therefore, the space-focusing gain GA = M .
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Considering the antenna gain, spreading gain, and the col-
lision probability, the average outage probability in multipath
channel with multiple transmit antennas is obtained as

Pout(Nu) =
Nu−1∑
n=1

pNu
(n)P (Λn > GAGSλI)

=

⎧⎨
⎩
∑Nu

n=1 Cn
Nu

δn(1 − δ)Nu−n
[
erf
(√

n2π
4(GAGSλI−n)

)]
, UB∑Nu

n=1 Cn
Nu

δn(1 − δ)Nu−n
[

2
π arctan

(
nπ

2GAGSλI

)]
. LB

(26)

C. Spatial User Capacity

Given a required outage probability ε, the spatial user
capacity U is obtained as the maximal accommodable user
number in the network, which is

U = arg max
Nu

{Pout(Nu) ≤ ε} . (27)

When the outage probability is small, both the error function
and the arctangent function can be approximated as linear
functions, i.e.,

erf(x) ≈ 2√
π

x, arctan(x) ≈ x. (28)

Using these approximations, (26) can be simplified as

Pout(Nu) =

{
Nu

GT

√
GAGSλI

=
2Nu

√
τRMSTp√

MλITs
, UB

Nu

GT GAGSλI
= 2NuTp

MλITs
, LB

. (29)

Therefore, given the outage probability constraint
Pout(Nu) = ε, the spatial user capacity can be expressed as

U =

⎧⎨
⎩

εGT GAGSλI = εMλITs

2Tp
, UB

εGT

√
GAGSλI = ε

√
MλITs

2
√

τRMSTp

, LB
. (30)

By contrast to that in the outage probability, the upper bound
of spatial user capacity is obtained from Cauchy distribution
which can be achieved when α = 2 and the lower bound is
obtained from Lévy distribution which can be achieved when
α = 4.

It is shown from (30) that increasing the time-focusing gain,
the space-focusing gain and the spreading gain all lead to
higher spatial user capacity. However, the increasing rates are
different in the upper and lower bound.

We can see that the capacity obtained by Lévy bound is
less than that obtained by Cauchy bound. This indicates that
large path loss factor will reduce user capacity. With larger
path loss factor, despite that both the desired signal power and
the interference power attenuate faster, the aggregate inference
power is more likely to exceed the interference tolerance given
the total user number.

It is shown that the spatial user capacity U always grows
linearly with Ts whenever α = 2 or 4. However, U grows
linearly with GA when α = 2 and grows sublinearly with√

GA when α = 4.
It can be observed that the delay spread does not affect the

user capacity when α = 2, whereas the user capacity decreases

with
√

τRMS when α = 4. As we have analyzed earlier, large
delay spread will introduce high spreading gain, while it will
also increase the collision probability among users. When α =
2, there exists a balance between these two competing factors.
However, when α = 4, the gain obtained from spreading can
not compromise the performance degradation led by collisions.

IV. SIMULATION RESULTS

In this section, the outage probability expressions derived
in AWGN and multipath channels are verified through simula-
tions. We set the link distance of the desired user rD = 100 m,
and the threshold distance of the interference users rT = 1000
m. Consider that the SNR of the desired user is 10 dB, and
the required SINR is 4 dB, then the normalized interference
power tolerance λI = 0.3λD.

1) Outage probability in AWGN channels: We first verify
the outage probability obtained in AWGN channel with α = 2.
The number of time slots in each frame is set to be Ns = 10.
The outage probabilities obtained through theoretical analysis
and simulations are shown in Fig. 3. The results of Cauchy
bound and Lévy bound are obtained from (17). The curves
labeled ‘0 dB’, ‘3 dB’ and ‘6 dB’ are simulation results with
corresponding standard derivations of shadowing. We can see
that Cauchy bound is quite tight as a lower bound when the
user number is less than 10 and the shadowing is low. When
more users coexist in the network, the lower bound becomes
loose. Lévy bound is an upper bound. With the increase of
the shadowing standard derivation, the outage probability will
gradually approach the upper bound.

The theoretical and simulated outage probabilities when
α = 4 are presented in Fig. 4. We can see that Cauchy
bound is loose now, but Lévy bound is quite tight. Although
with the increase of the shadowing standard derivation the
simulated outage probabilities will exceed the upper bound, the
differences between them are very small. The results shown
in Fig. 3 and Fig. 4 are consistent with our analysis in Section
III. Since the CDF of the standard Cauchy distribution is used
for that of the single-sided Cauchy distribution with constraint
λ ≥ 1, the lower bound has bias when user number is large.

2) Outage probability in multipath channels: IEEE
802.15.4a channel model is used to generate the multipath
channel response [17], where “CM3” environment is consid-
ered and the multipath delay spread τRMS = 10 ns. In multipath
channels, both the power and the duration of the interference
signals are random variables in different channel realizations.
The theoretical results are obtained from (25), where the
rectangle approximation of the average interference power
profile is used. Fig. 5 shows the theoretical and simulation
results, where the pulse width Tp = 1 ns, the frame length
Ts = 100 ns, and other conditions are the same with those in
AWGN channels. Here, α = 2 and α = 4 are used respectively
for Cauchy bound and Lévy bound, and shadowing is not
considered. The theoretical results are shown to agree well
with the simulation results, hence can be used for further
analysis.
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Fig. 3. The outage probability in AWGN channels when α = 2,
Ns = 10, the shadowing standard derivation are respectively 0, 3, and
6 dB.
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Fig. 4. The outage probability in AWGN channels when α = 4,
Ns = 10, the shadowing standard derivation are respectively 0, 3, and
6 dB.
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Fig. 5. The outage probability in multipath channels, where Ts=100
ns, τRMS=10 ns, α=2 and 4 are respectively simulated.

V. CONCLUSION

In this paper, the spatial user capacity of the IR-UWB net-
works with space-time focusing transmission is analyzed. We
derived the upper and lower bounds of the outage probability
according to different path loss factors, and then developed the
closed-form expressions of the spatial user capacity. Analysis
results showed that, the spatial user capacity grows linearly
with the frame length, and reduces with large path loss factors.
Depending on the path loss factor being 2 or 4, the spatial user
capacity grows either linearly or sublinearly with the array
gain and the spreading gain.
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