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Abstract—Many successive scheduling schemes associated with
linear transmit beamforming have been proposed which can
asymptotically achieve the sum rate of dirty paper coding (DPC)
in i.i.d. channels. In this paper, the performance of the successive
scheduling in spatially correlated channels is studied. Then we
propose a low complexity alternating user scheduling (AUS),
which can be applied to both zero-forcing beamforming (ZFBF)
and regularized ZFBF (R-ZFBF). The new scheduling algorithm
can achieve a comparable sum rate with that of the exhaustive
searching in both i.i.d. and spatially correlated channels with the
same order of complexity as the successive scheduling.

I. INTRODUCTION

Dirty paper coding is the optimal transmit strategy for
downlink multiuser MIMO systems [1] if perfect channel state
information (CSI) is available at transmitter, but in practice it
is infeasible due to its prohibitive computational complexity.
Some suboptimal transmit strategies apply transmit beamform-
ing [2] and user scheduling [3] [4] separately to achieve the
multiplexing gain and multiuser diversity gain, both of which
require much lower complexity. These suboptimal transmit
strategies can achieve the same scaling of the sum rate of
DPC when the number of users approaches infinity [5].

For a given transmit beamforming, the optimal user schedul-
ing needs exhaustive searching over all possible user sets,
which may result in a huge complexity, especially when the
number of users is very large. Successive searching is an
effective method to reduce the searching space by converting
a multi-dimensional searching problem into multiple one-
dimensional searching problems. Many low complexity user
scheduling algorithms bear this spirit, such as the tree-based
sorting algorithm [3] and semiorthogonal user scheduling
(SUS) [4]. Furthermore, it has been shown that the successive
scheduling associated with zero-forcing beamforming (ZFBF)
can achieve the same sum rate as that of DPC asymptotically
when the number of users approaches to infinity in i.i.d.
channels [4].

The performance of the successive scheduling has been
compared in [6] under i.i.d. channels through analyzing the
statistics of the channel gain and the angle between user’s
channels. To the best of our knowledge, however, its perfor-
mance in spatially correlated channels was not investigated in
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earlier works. Moreover, since existing successive scheduling
algorithms are essentially designed for ZFBF [4], [7], the
performance will degrade when some non-ZFBF beamforming
algorithms such as regularized-ZFBF (R-ZFBF) [2] are used
due to the mismatch between the scheduling and beamforming.

In this paper we’ll first show that the performance gap
between the successive scheduling and the exhaustive search-
ing will increase in spatially correlated channels with re-
spect to that in i.i.d. channels. This will be demonstrated
by characterizing the statistics of the upper bound of the
angle between the channels of users in a possible user set
for these two scheduling algorithms. Then we’ll propose a
low complexity alternating user scheduling, which can be
applied to both ZFBF and R-ZFBF. The alternating scheduling
can approximately achieve the same sum rate as that of the
exhaustive searching in both i.i.d. and spatially correlated
channels.

II. SYSTEM MODEL

A. Signal Model

Consider a downlink multiuser MISO system supporting K
users. The transmitter is equipped with M antennas and each
user with only one antenna. The received signal for user i can
be written as

yi = hi

K∑
j=1,j∈S

wH
j xj + ni, (1)

where for user i, hi ∈ C
1×M is the channel vector, and hi ∼

CN (0,R), xi is the transmitted signal, wi ∈ C
1×M is the

transmit beamforming vector, ni is the additive white Gaussian
noise with zero mean and variance σ2. S ⊂ {1, 2, . . . ,K} is
the index set of users scheduled concurrently.

With the assumption that perfect CSI is available at the
transmitter and equal power is allocated among users, the
transmit beamforming vector of ZFBF and R-ZFBF can be
written as [2]

wi =
hi

(
HH

S HS + βI
)−1∥∥∥hi

(
HH

S HS + βI
)−1
∥∥∥
√

P

|S| , (2)

where HS is the submatrix of H = [hT
1 · · ·hT

K ]T whose row
vectors are selected from H according to S, P is the total
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transmit power, |S| is the size of S, β → 0 is for ZFBF, and
β = |S|σ2 is for R-ZFBF. Therefore, the sum rate for the
system with user set S is

R(S) =
∑
i,l∈S

log

(
1 +

P
∣∣hiwH

i

∣∣2∑
l �=i P

∣∣hiwH
l

∣∣2 + |S|σ2

)
. (3)

B. Scheduling

When the total users’ number K is larger than M , the
multiuser scheduling problem can be formulated as follows,

max
S

R(S)

s.t. |S| = M.
(4)

Assume that the number of scheduled users equals to M ,
i.e., let the transmitter serve as many users as possible by
fully using all of the available degrees of freedom. Although
this may reduce the sum rate, it is more suitable for the
scenarios where a large number of users compete for the traffic
of delay-sensitive applications. Without this assumption, the
number of scheduled users can be determined adaptively. Then
the sum rate will depend on the multiplexing gain, transmit
diversity gain and multiuser diversity gain, which will hinder
the analysis of the influence of spatial correlation on multiuser
scheduling.

For the user scheduling problem of (4), exhaustive searching
can achieve the maximal sum rate by examining all

(
K
M

)
possi-

ble user sets. As a suboptimal solution, successive scheduling
[7] selects only one user at each step to maximize the sum
rate of the user set consisted of the new user and the users
already selected. After M steps, M users will be selected. It
has a low complexity by reducing the searching space.

Let T = {1, 2, . . . ,K} denote the set of indexes of all
users, and Sm = {s1, · · · , sm} denote the scheduling result at
m-th step, m = 1, 2, . . . ,M . The successive scheduling can
be summarized as follows,

1) Initialize by selecting the user with the maximum chan-
nel gain as the first user,

s1 = arg max
k∈T

‖hk‖, (5)

and S1 = {s1}.
2) For m = 2, . . . , M , compute the sum rate with (3) for

each user left and the users already scheduled. Then
select the user with the maximal sum rate,

sm = arg max
k∈T \Sm−1

R(Sm−1 ∪ {k}). (6)

Update Sm ⇐ Sm−1∪{sm}, where the notation of Y \X
denotes the set of elements of Y that are not elements
of X , and k is the index of a possible new user.

One can see from (2) and (3) that in order to obtain the
sum rate, the successive scheduling not only involves many
matrix inversion operations but also needs to compute the data
rate of M users. The resulting complexity can be significantly
reduced if ZFBF is employed. Since the inter-user interference

can be completely cancelled for ZFBF, the signal-to-noise ratio
(SNR) of user i at m-th step is

SNRi,m =
‖hi‖2 − ‖vi‖2

mσ2
=

‖hi‖2 sin2 θi

mσ2
, (7)

where hi is the channel vector of user i, vi is the projection
of hi onto the subspace spanned by the channel vectors
of selected users, θi denotes the angle between hi and vi,
cos θi = |vih

H
i |

‖vi‖‖hi‖ . vi can be effectively computed by iterative
projection algorithm. Such a successive scheduling (SS) tailed
for ZFBF is referred to SS-ZFBF in the sequel.

SS-ZFBF can be further simplified by using SNR of the new
user rather than sum rate as the selection criterion. Moreover,
a threshold can be introduced to evaluate the orthogonality
between the new user and the selected users. The user with
worse orthogonality will be excluded in order to reduce the
searching space. This is the so-called SUS [4].

III. PERFORMANCE ANALYSIS

In this section the performance of SS-ZFBF will be ana-
lyzed in spatially correlated channels. We can see from (7)
that the performance depends on the channel gain and the
angle between the channels of users. To avoid complicated
analysis with sum rate, we will analyze the performance by
investigating the impact of using SS-ZFBF on the statistics
of the angle θi. Furthermore, considering the fact that θi is
upperly bounded by the angle between the channel of the new
user and the channel of any one user already selected, we will
analyze the case of M = 2 in the sequel of this section.

To compare the performance of SS-ZFBF with that of the
exhaustive scheduling, we first present one theorem revealing
the statistic behavior of the angle between the channel vectors
as follows.

Theorem 1: For K random vectors uk ∈ C
1×2 and uk ∼

CN (0,R), let θ1 denote the angle between any two of the
vectors and θ2 denote the angle between the vector with
maximum norm and any other vector. Then the probability
density function (pdf ) of sin2 θ1 and sin2 θ2 can be derived as

f(x) =
∫

Υv

(
1 − ρ2

)
d1d2

πλ1λ2 [(d2 − d1) x + d1]
2

·
[
1 − 4ρ2d1d2x (1 − x)

[(d2 − d1) x + d1]
2

]−3/2

dv, (8)

where v ∈ C
1×2, vvH = 1, v⊥ is the orthogonal complement

of v, λ1 and λ2 are the different eigenvalues of R, d1 =
v⊥RvH

⊥ , d2 = vRvH , ρ = v⊥RvHvRvH
⊥/(d1d2). Υv is a

function of v, which is different for θ1 and θ2. For θ1,

Υv = 1. (9)

For θ2, Υv is defined as

Υv =
∫ ∞

0

Kαe−αvR−1vH

[
1 +

λ2e
−α
λ2 − λ1e

−α
λ1

λ1 − λ2

]K−1

dα.

(10)
The proof is shown in [8].
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Fig. 1. The pdf of sin2 θ1 and sin2 θ2 with different δ, which illustrates
the performance of the exhaustive searching and successive scheduling
respectively, K = 10.

Remark 1: When R = I, f(x) = 1 for θ1 and θ2, which
means that both sin2 θ1 and sin2 θ2 are uniformly distributed
in [0, 1]. The proof is shown in [8].

Remark 2: When K → ∞, the pdf of sin2 θ2 can be
simplified as

f(x) =
δ

[(δ − 1) x + 1]2
. (11)

where δ is the conditional number of R. The proof is shown
in [8]. Note that θ1 is independent of K.

For the exhaustive searching, a possible user set consists of
any two users, while for SS-ZFBF a possible user set includes
the user with the maximum channel gain and any other user.
When the random vectors in Theorem 1 are replaced by
the channel vectors, θ1 and θ2 will correspond to the angle
between the two channel vectors in a possible user set for the
exhaustive searching and SS-ZFBF, respectively. Therefore,
Theorem 1 and its remarks can illustrate the relationship
between the performance of these two scheduling algorithms.

Fig.1 and Fig.2 show the pdf of sin2 θ1 and sin2 θ2 for
different channel correlation defined by δ and the total users’
number K. In Fig.1 we can see that for i.i.d channels, i.e.,
when δ = 1, θ1 and θ2 have the identical distribution as
shown in Remark 1, which is coincident with the result for
i.i.d. channels given by [9]. This means that using SS-ZFBF
will not change the orthogonality between the channels in
a possible user set. While for spatially correlated channels,
i.e., when δ > 1, both θ1 and θ2 statistically decrease
with the increase of the spatial correlation. In Fig.2, θ2 is
statistically less than θ1 in spatially correlated channels, and
the difference between them increases when K grows. When
K is reasonably large, the lower bound given by Remark 2 can
be achieved asymptotically. This indicates that SS-ZFBF may
destroy the orthogonality between the channels in a possible
user set when the channels are spatially correlated. This will
reduce the SNR according to (7). Therefore, there will exist a
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Fig. 2. The pdf of sin2 θ1 and sin2 θ2 with different K, which illustrates
the performance of the exhaustive searching and successive scheduling
respectively, δ = 3.

larger performance gap between SS-ZFBF and the exhaustive
searching in spatially correlated channels than that in i.i.d.
channels. In next section, we will propose a low complexity
user scheduling, which can achieve a comparable sum rate
with that of the exhaustive searching in spatially correlated
channels.

IV. ALTERNATING SCHEDULING

By introducing an alternating searching procedure on the
basis of the results of the successive scheduling or SUS,
we present an alternating user scheduling which can improve
the performance. The alternating searching is a sort of re-
laxation algorithm for multi-variable optimization problems
[10]. Although in some cases AUS may converge to a local
maximum, the probability of the occurrence of these cases
can be significantly reduced by judiciously choosing the initial
scheduling algorithms. For example, we can use the successive
scheduling or SUS as the initial algorithm.

AUS is an iterative algorithm. At each step of the iteration,
we rechoose a new user based on the other M − 1 users
already selected. Let SM = {s0

1, · · · , s0
M} denote the initial

scheduling result and R0 denote the corresponding sum rate.
The selection of m-th user at (i + 1)-th iteration can be
described as

si+1
m = arg max

k∈T \SM∪{si
m}

R
(
SM ∪ {k} \ {si

m}
)
, (12)

SM ⇐ SM ∪ {si+1
m } \ {si

m},m = 1, . . . ,M. (13)

When all the M users have been rechosen, we compute the
corresponding sum rate. The iteration will stop when

Ri+1 − Ri < ε, (14)

where ε is a specific threshold.
The scheduling algorithm shown in (12)-(14) is as compli-

cated as the successive scheduling, both involve many matrix
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Fig. 3. Sum rate vs SNR for different channel correlation defined by
the antenna space d, K = 10, M = 8, ZFBF. The subfigure depicts the
logarithm of sum rate at the low SNR regime.

inversion operations. By using the matrix inversion lemma
[10], we will develop a unified low complexity AUS for both
ZFBF and R-ZFBF.

In the initialization step using the successive scheduling, the
matrix inversion Gm+1,k = (HH

Sm
HSm

+ hH
k hk + βI)−1 is

required to select (m + 1)-th user in (6). It can be iteratively
obtained as

Gm+1,k = Gm − GmhH
k hkGm/

(
1 + hH

k Gmhk

)
, (15)

where Gm = (HH
Sm

HSm
+ βI)−1.

Then, in the alternating searching step, the matrix inversion
GM,k = (HH

SM
HSM

− hH
mhm + hH

k hk + βI)−1 which is
necessary to update m-th user in (12) can be iteratively
computed as

GM−1 = GM + GMhH
mhmGM/

(
1 − hH

mGMhm

)
, (16)

GM,k = GM−1 − GM−1hH
k hkGM−1/

(
1 + hH

k GM−1hk

)
,

(17)
where GM = (HH

SM
HSM

+ βI)−1.
The AUS can be summarized as follows,

1) Initialize using the successive scheduling or SUS. For
the successive scheduling, use (15) to obtain SM =
{s1

1, · · · , s1
M} in (12).

2) For m = 1, . . . , M , use (12), (13), (16) and (17) to
update the results of scheduling.

3) Repeat the iterations until (14) is satisfied.

The computational complexity of five scheduling algo-
rithms, including exhaustive searching, successive scheduling,
SUS, AUS initialized by successive scheduling and AUS
initialized by SUS, in terms of complex multiplications is
compared in Table I. The complexity of AUS can be controlled
by the iteration number. More specifically, it depends on the
initial scheduling results and the threshold ε. Initialization us-
ing the successive scheduling or SUS can effectively improve
the convergence speed. The threshold reflects the tradeoff
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Fig. 4. Sum rate vs SNR for different M , K = 100, d = 0.3λ, ZFBF.

TABLE I
COMPARISON OF COMPUTATIONAL COMPLEXITY

Scheduling Algorithm Order of Complex multiplications

Exha. searching O
((K

M

)
M3

)
Succ. scheduling O

(
KM4

)
SUS O

(
KM2

)
Succ.-initialized AUS O

(
(i + 1)KM4

)
SUS-initialized AUS O

(
iKM4

)
* i is the iteration number in AUS, i ≥ 1

between the performance and complexity. In next section we
will show that the sum rate is not sensitive to the threshold
through simulations. Generally speaking, only one iteration is
enough to achieve the most benefit of AUS.

V. SIMULATION RESULTS

A. Sum Rate

In this subsection we’ll evaluate the performance of the
successive scheduling, SUS and AUS in spatially correlated
channels. In the simulation, the virtual channel representation
is used, where 50 departure paths and 5◦ angle spread are
considered. We assume that the transmitter is equipped with
a uniform linear array. The angles of departure (AOD) are
independently and uniformly distributed in [−π, π], and the
directions of departure for each user are independently and
uniformly distributed in the angle spread centered at its AOD.

The performance degradation of successive scheduling and
SUS caused by channel correlation is shown in Fig.3. While
they can approach the optimal performance in i.i.d. channels,
there exists a large performance gap between the exhaustive
searching and the successive scheduling in spatially correlated
channels. SUS is inferior to the successive scheduling due
to the change of scheduling criteria. The proposed AUS can
achieve the optimal performance obtained by the exhaustive
searching in both i.i.d. and spatially correlated channels. Fig.4
illustrates the sum rate for different transmit antenna numbers.
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It’s shown that the influence of channel correlation becomes
more severe with the increase of transmit antenna number. We
can also find that the sum rate for 8 transmit antennas is lower
than that for 2 transmit antennas at low SNR. This is due to
the fact that the multiplexing gain is reduced at the low SNR
domain and the power allocated to each user decreases with
the increase of scheduled users. Fig.5 depicts the sum rate
for different user numbers and beamforming algorithms. It’s
shown that the more the total users are, the larger the sum
rate will be, and the more obvious the advantage of AUS will
become. The gain of AUS over the successive scheduling for
R-ZFBF is less than that for ZFBF. This is because R-ZFBF
can mitigate the impact of channel correlation by using a well
designed diagonal loading.

B. Tradeoff between performance and complexity of AUS

Iteration number is a critical factor that affects both sum
rate and complexity of AUS. By analyzing the sum rate for

two extreme cases of iteration number, we can reveal the
potential performance gain that can be obtained by increasing
the complexity. We consider the AUS for ZFBF initialized by
the successive scheduling and SUS, respectively. We assume
that the transmitter is equipped with 8 equally spaced antennas,
and d is 0.3 wavelength. Fig.6 illustrates the tradeoff between
the performance and complexity. R0 denotes the sum rate
when the threshold ε = 0, which shows the highest sum rate
that AUS can achieve at the expense of the maximal iteration
number. R∞ denotes the sum rate when ε = ∞, which is
achieved by only one iteration but at a sum rate loss. We can
see that the gap of sum rate between ε = 0 and ε = ∞ is
negligible for AUS initialized by the successive scheduling or
SUS. SUS-initialized AUS has approximately the same sum
rate as that of the AUS initialized by the successive scheduling.
Therefore, the SUS-initialized AUS with only one iteration is
recommended, which requires the same order of complexity
as the successive scheduling as shown in Table I.

VI. CONCLUSION

In this paper, we analyzed the performance of the successive
scheduling in spatially correlated channels. The results show
a large performance loss since the successive scheduling
may destroy the channel orthogonality. We proposed a low
complexity alternating user scheduling algorithm, which can
be applied to both ZFBF and R-ZFBF. It can achieve a
comparable sum rate with that of the exhaustive searching
in both i.i.d. and spatially correlated channels with the same
order of complexity as the successive scheduling.
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