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Abstract—In this paper, we investigate the performance of four
closed-loop multiple-input multiple-output (MIMO) schemes with
channel state information (CSI) feedback delay and channel
estimation error. These schemes are conventional maximal ratio
transmission scheme (C-MRT), improved MRT (I-MRT), conven-
tional transmit antenna selection with space-time block code
scheme (C-TAS/STBC) and improved TAS/STBC (I-TAS/STBC).
Exact bit error rate (BER) expressions of C-MRT and C-TAS/STBC
and approximate BER expressions of -MRT and I-TAS/STBC
for two specific scenarios are derived for binary phase shift keying
(BPSK) modulation. The performance of the schemes with CSI
feedback delay and channel estimation error are validated and
compared with each other by numerical and simulation results.

1. INTRODUCTION

Spatial transmit diversity is an effective technology to
combat fading in wireless channels.

Compared with space-time codes, the closed-loop MIMO
schemes employing MRT [1] or TAS/STBC [2] can achieve not
only full diversity but also more array gain, when perfect
knowledge of CSI in both transmitter and receiver (CSIT and
CSIR) is available. In practical FDD and TDD system, however,
accurate CSI is hard to get especially in time-varying channels.
In this study, we model the factors resulting in imperfect CSIT
and CSIR as CSI feedback delay and channel estimation error.
CSI feedback delay leads to an outdated CSIT, and channel
estimation error introduces equivalent additive noise to perfect
CSIT and CSIR. A receiver can exploit either real-time or
outdated CSIR with channel estimation error depending on
whether channel tracking or prediction [3, 4] is used or not. In
this paper, the schemes using outdated CSIR are referred to
conventional schemes, including C-MRT and C-TAS/STBC.
The schemes using real-time CSIR are named as improved
schemes, including I-MRT and I-TAS/STBC.

From both theoretical and practical viewpoint, it is necessary
to quantify the impact of CSI feedback delay and channel
estimation error on the performance of the four schemes. The
BER of MISO C-MRT in the presence of CSI feedback delay
and channel estimation error is investigated in [5, 6]. Since the
decision variable of MIMO MRT is different from that of MISO
MRT, the performance analysis of MISO MRT can not be
directly extended to MIMO MRT. The performance of MIMO
MRT only with channel estimation error is investigated in [7].

By contrast to MRT, transmit antenna selection (TAS) [8]
can reduce the overhead of CSI feedback. On the premise of
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achieving full diversity order, combining TAS and STBC
(TAS/STBC) can further reduce the feedback overhead [2, 9].
There have been, however, few studies on the performance
analysis of TAS/STBC. The performance analysis in [2] does
not provide an explicit expression. In [10], the performance of
TAS/STBC under the assumption of perfect CSIT and CSIR is
evaluated. In [11], merely channel estimation error is
considered for the performance of TAS/STBC, and explicit
BER expression is derived only for MISO system.

In this study, a decision variable different from [7] is
employed to analyze the performance of MRT and TAS/STBC
in MIMO system with both CSI feedback delay and channel
estimation error. The contribution lies in both theoretical
analysis and performance comparison, where exact BER
expressions of C-MRT and C-TAS/STBC and approximate
BER expressions of I-MRT and I-TAS/STBC for two specific
scenarios are derived for BPSK modulation.

This paper is organized as follows. Section II introduces the
system model, and the channel model with CSI feedback delay
and channel estimation error. Section IIl presents the performance
analysis of C-MRT, I-MRT, C-TAS/STBC and I-TAS/STBC,
followed by the numerical analysis, simulation and discussion
in Section IV. Finally, the conclusion remarks are made in
Section V.

The following notations are used in this paper. XT and X"
express the transpose and conjugate transpose of matrix X,
respectively. |||, stands for the 2-norm of vector x, and || X]|;
represents the Frobenius norm of matrix X. J,(s) denotes the
zeroth-order Bessel function of the first kind. X, ; expresses
the (i,j)-th entry of matrix X. X~ CN(m,R) and X ~ N(m, R)
stand for complex and real-valued Gaussian random
matrix X with mean m and covariance matrix R . E_[+] denotes
the expectation of random variable x .

II. SYSTEM MODEL AND CHANNEL MODEL

Consider a closed-loop MIMO system with M transmit and

N receive antennas, which transmits a single data stream.
Then the estimated signal can be expressed as

x=z"(Hwx+n)=z"Hwx+1, (1)

where x is the transmitted signal with energy £ , w and z are

the transmit and receive weighting vector, respectively, n is the

additive white Gaussian noise (AWGN) with zero-mean and
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variance o2 and O, = 2||Z||2 w » n~CN(0,2071) is the
AWGN vector, H~ CN (0, 0} ) is the channel matrix of size
NxM.

Consider a time-varying independently and identically distri-
buted (i.i.d.) Rayleigh fading channel, which can be modeled as
vector AR model. The relationship of the channel at time ¢ and
t—7 is given by [5]

H =p, H_ +F, )

where p, =J, (27 f,7) is the time correlation coefficient, f),

is the Doppler frequency shift, 7 is the time delay owing to

CSI feedback, F ~ CN (0, 021) is a driving noise matrix, and
=(1-pi)a; .

In order to detect the received signal coherently, receiver
needs to estimate the channel H, . The channel estimation H,
can be expressed as

H,=H, +E, 3)
where E ~ CN (0, 0°1)is the channel estimation error matrix,
and H, ~CN(0,021) with
0; =0; +0; . Channel response H, can be represented by [7]

H,=p,-H, +D, @)

which is independent of H, ,

where p, = O',f/of , D~CN(0,021) is a random matrix ,
which is independent of H,, and 07 = 0}0? / o;.

The CSI at time ¢ —7 isrequired to demodulate the received
signal at time ¢ in the C-MRT and C-TAS/STBC receivers.
Thus it is necessary to find the relationship between the channel
estimation at time 7—7 H,_, and the actual channel at time ¢
H, . It follows from (2) and (4) that H, can be rewritten as

H =p, (pH_ +D)+F£pH,_ +B, (5)

where B~CN(0,07/1) is the random matrix, which is
independent of H,_,, and 0} = pjo;0? [0} +(1-p;)o; .

=772

III. BER ANALYSIS OF MRT AND TAS/STBC SCHEMES

Based on the system model and channel model described in
Section II, this section analyzes the performance of the four
schemes with CSI feedback delay and channel estimation error
for BPSK modulation. The decision variable ¢ in (1) is the

real part of %, i.e., {=Re(z"Hwx)+Re(ii) . Hence, the
instantaneous BER is
z"Hw) [E,
P = Q( ¢(z"Hw) = J (6)
l=l, Vo,

A. Average BER of C-MRT

In C-MRT transceiver, I:Itf
transmit beamforming and maximal ratio combining. The

. 1s employed to perform both

singular value decomposition (SVD) of I:IH can be written as

I:IH- = UNXNANXMVI\}/IIXM > (7

where UN><N :[ul u, “.uN] ’ AN><M :diag{é‘h 527“'7 6;707} P

Vipar =LV, Vo - Vy ] » and 7 is the rank of H,_, . If the
maximal singular value 8, = J,, the transmit weighting vector
w =v,, and the receive weighting vector z =u, . Based on (6)
the instantaneous BER of C-MRT is

:Q(RC(HFH Vl)'yo)- (3)
Substituting (5) into (8), F._,,, can be rewritten as
Fe_ MRTb:Q(( 5max+a) 70)éQ(71)a ©)
where 3, =+/E, /02 , @ =Re(u'Bv,), and o ~ N(0,02/2).
The average BER of C-MRT can be obtained by
}_)C—MRT b= E[PC—MRT b :|

F C—MRT b

_j j () f, (6, a)dads
(10)
=)y S (O)AS[TO(D) s, (HO)dy
=E,;,. [ 710 [o(y ]J
When the probability density function (p.d.f.) of J,, and the

conditional probability density function (c.p.d.f)) of 3, given
o, areavailable, the average BER can be obtained from (10).

With the p.d.f. of the maximal eigenvalue of random matrix
H,_, provided in [12], the p.d.f. of the maximal eigenvalue

A of H,_, can be given by
L (S+Lyi-27 n+l, m ,=iu[0F
imHyme ™%
fiﬁ (u)= Z Z dy, 2mtD) g (11)
’ i=l  m=S-L O-h‘ sm.
whered,, =mlc, (i’"“HL (L—i)!(N—i)!) is the coefficient
i,m i.m i=1 l m

) d
of w"e™ in the expansion of 7, det($(#)) | §(u) is the
LxL Hankel matrix, L =min(M,N), S=max(M,N).

It is shown from (11) that the p.d.f. of A4 is the linear

combination of a finite y? distributed p.d.f. The p.d.f. of

6max = ﬂ’max 18
L (S+L)i-2i? 2. l‘m+lu2m+1e7iuz/o.l%
j:;max (u) = Z Z di,m 2(m+1) | : (12)
i=1 m=S-L o e

h
Givend,, , 7; is a real-valued Gaussian random variable,

which c.p.d.f. is

1 (=P 10)*

f%‘&mX (u):—\/ﬁyo. e 2y50% . (13)
0~ a

Substituting (12) and (13) into (10), the average BER of
C-MRT }_)C—MRT,b can be derived. Due to the lack of space,
P._ wrr. 18 directly given by
L (S+Dim27 |

—d, G (m,b), (14)

PC—MRT,b 2
i=l  m=S-L

where G(m, b)—l—_ ZJ:( j [ j Lk(mj

= (@~ )R £ (x)

o, +2)-i

is the k-th order Legendre polynomial, b:M
4y, pio;

a=b+0.5.[5,(26)] is applied during the derivation of (14).
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B. Average BER of I-MRT

In I-MRT, the receive weighting vector z=H, v, , where H,
is the channel estimation at time ¢ . Applying (3), (4), (5) and (6),
the instantaneous BER of [-MRT can be expressed as

((pe "pu max+A||2+a)'}/0)

£0((p.-Q+a) 1) =0(n)
In (15), A~CN(0,021), @~ N(0,02/2), where A=(B+E)v,,
= pjoio? [o? +( Hz )

In the same way as deriving BER for C-MRT, the average
BER of I-MRT can be obtained with knowledge of the p.d.f. of
Q and the c.p.d.f. of ¥, given Q . Unfortunately, it is very
difficult to derive the p.d.f. of Q . Here two specific scenarios
are considered as follows.

When p, =1 and for high SNR, which means little CSI
feedback delay and less channel estimation error, Q can be
approximated as

E—MRT,b

(15)

+(1-p7)0; + 07, a=Re(v'H'Dy, )

Q=p3,,. (16)
Based on (10), (12) and (16), the average BER of I-MRT
(%504 +2) i

If p, = 0, which means large CSI feedback delay, Q can
be approximated as

P wrr., can be still expressed by (14) withb =

Q=[A]. (17
Therefore, the average BER of -MRT in this case is
= 1 Vo0, +2
TR > = EG(N‘L 1) (18)

C.Average BER of C-TAS/STBC

In order to analyze the performance of C-TAS/STBC and
I-TAS/STBC, we’ll derive the decision variable of TAS/STBC
with perfect CSIT and CSIR at first.

If transmitter selects i-th and j-th transmit antennas, the
channels between the two selected transmit antennas and N
receive antennas can be expressed as

=[h, h,], (19)
where h; and h; are i-th and j-th column vectors of H,
respectively.
After selecting two transmit antennas, the considered MIMO
system becomes STBC system with two transmit and N
receive antennas. The received signal is

y=G-x+n, (20)

* - 1T
where y =[y1,1 Yipg 0 Vi yN,2:| > X= [xl xz] s Yk and
x, denote the received signal on the m-th receive antenna and
the transmitted signal in the k-th signal duration, respectively.
{ h h;-

©=-n, n -

T
hl i } n~CN(0,2021)is AWGN vector.

In receiver G" is used as the weighting matrix, and the
estimation of transmitted signal is

ey |l 0 Hm
o fif)Lel e

where 77, and 77, are independent complex Gaussian random

21)

. . . = 1|2
variables with zero-mean and covariance 2||H||F o’.

According to (21), the instantaneous BER of TAS/STBC can

be expressed as
o(|al, -%)-

Under the assumption that the fixed total power is equally
allocated to the two transmit antennas, we have ¥, =+/E, /207 .

It can be confirmed from (22) that in order to minimize the
average BER, the system should select the two transmit
antennas such that the Frobenius norm of H is maximal [2].

In C-TAS/STBC, the receiver selects two transmit antennas
based on the channel estimation H,_, at time /-7 , and
feedbacks the result to transmitter. Utilizing the channel model
defined in Section II, the estimated signal of C-TAS/STBC is

2

(22)

PTAS/STBC,[deaz,b =

0 .
k=] p- v _|+Go, B -{xi}rég,-n. (23)
X

F

Because x; and x, have the same BER, without loss of genera-
lity, only x, is considered here. From (23) the estimation ofx, is

2
24

A

H

-7

X =p X +ox +o,x; + 1,

where 77, =[Gf‘_, -n} , 0 =[Gf‘_, -B} A —[GHT } )
1,1 1,1 1,2
2 2 2
H,_, 03), o’ O'f).
F F
For BPSK modulation, since x, can be identical to x, or

—x, with equal probability, the instantaneous BER of
C-TAS/STBC F._;,s, can be expressed as

A

0{2 ""CN(O’ H

-7

and 7, ~CN( ,

1
Ferisp = 2[Pc T/Sb(xz =x)+F._ T/Sb (x, =—x ] (25)

In the case of x, =x,, the instantaneous BER is

Ferrss (% =x1)=Q((p"‘ﬁt—T . +0’) 7’0)é (7). (26)

where o =Re (o, + 2, )/HIVIH

,ander ~ N(0,07).
F

Similarly, in the case of x, =—x,, the instantaneous BER is
the same as (26). Hence, F,._; ¢, can still be expressed by (26).
Like C-MRT,

C-TAS/STBC the p.d.f. of Hﬁ

in order to obtain the average BER of

and the c.p.d.f. of p; given
F

A

H

.| are required. Due to space limitations, the p.d.f. of

F
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HIfIH is directly given by (27), where ¢, ; is the coefficient

2
F

of u/ in the expansion of (Zit)u" / (0'2" -k!))l . Substituting (27)

into (10), the average BER of C-TAS/STBC I_)GT /5. €an be
%oy +1 (59 +1)-(i+2)
2ppP0; T ARpo

It’s worth to note that although the expression of (28) is
complicated, it only consists of finite and simple arithmetic
operations which can be used to evaluate BER efficiently.

D.Average BER of I-TAS/STBC
In I-TAS/STBC, the receiver utilizes the channel estimation

expressed by (28), where b, =

ﬁ[ to demodulate the transmitted signal. Based on the channel
model in Section 1T, the estimated signal can be expressed as

a2
| o
) F

%=|p, +G"-D {’i}é}*.n. (29)

0 Hf{ 2

2
F

The instantaneous BER of I-TAS/STBC can be written as
Prisy =0((pe-lo-B +A +a)n)
20((p.-Q+a)r)20(n)

where A ~ CN (0, 021), 02 = pioio? [o? +(1-p}) ot +02,

; (30)

a~N(0,03), a=Re(a1+a2)/‘fI, , and ¢, and a, are

F

independent complex Gaussian random variables with

2

H

zero-mean and covariance ||H,

2
o2.
F

The same specific scenarios in Subsection B are considered
here. When p, —1 and for high SNR, Q can be approximated as

Q=p-|H_] . (31)
As aresult, the average BER of I-TAS/STBC 1314 /5.5 CaN still

By contrast, if p, — 0, Q can be approximated as

Q~|A| . (32)
Therefore, the average BER of I-TAS/STBC in this case is
= 1 viol +1
PI—MRT,b - Eg(zN_ 1> 273,0920'12; . (33)

IV. NUMERICAL ANALYSIS

Numerical results and Monte-Carlo simulations are provided
to analyze the performance of C-MRT, [-MRT, C-TAS/STBC
and I-TAS/STBC in Figs. 1-2. The considered MIMO system
equips with 4 transmit and 2 receive antennas. Least-Square
channel estimation based on training sequence is applied in
simulations. The normalized Doppler frequency f,7is used to
scale the CSI feedback delay, which is chosen as 0.03 and 1.
Thus, the corresponding time correlation coefficients p, are
0.9911 and 0.2203, respectively.

Fig. 1 illustrates the numerical and simulation results of the
average BER of the four schemes with little CSI feedback delay
and channel estimation error, in which the time correlation
coefficient p, =0.9911 . It’s shown that for C-MRT and
C-TAS/STBC the numerical results match exactly with the
simulation results, and for I-MRT and I-TAS/STBC the
numerical results can match the simulation results very well
under the condition of little feedback and high SNR. It’s also
shown that channel estimation error will not lead to error floor,
and the performance degradation caused by CSI feedback delay
is trivial since p, —1.

Fig. 2 depicts the performance degradation due to the large
CSI feedback delay and channel estimation error, where the
time correlation coefficient ©, =0.2203 . There are obvious
error floors for C-MRT and C-TAS/STBC, whereas I-MRT and
I-TAS/STBC can eliminate error floors effectively by
exploiting real-time CSIR. When p, —1 , however, the
improved schemes only have slight advantage over
conventional schemes for TAS/STBC, and even have worse

202 +1 07 +1)-(i+2 ig. 1). i i
bt as 9wt =5 L LA () promanes o M e 1), 1o e ot 1
2y,p.p70; 4%P.p°0; p )
y ) M (M-1) M-2 (N-1)i N+ j-I Nk -1 ( 1)i+k+m M-2) (N+ -1 (N+£-1)! O'}% "
oz . — . . — 7 .
H | o4N [(N-l)!]2 par s S v Sl i k (N+k—1-m)! w i
(i+2)z 27
_E 2 _E
p2N+jem2 |, 0 € 7 M (M-1) _2N-1_, o
QNHk=l=m O'EN -2-(2N-1)!
5 B M-2<N-1>-iN+j-1NZk:1{( e [M 2j [N+j—1j M(M-1)-¢,;-07" (N+k—=1)-(2N+ j—m—2)!
s i=l j=0 k=0 m=0 i k i [(N' 1)!]2 -(N+k—l—m)! (28)

2N+j—k

2N+ j-m—-2,b)————
[G( +j—m s 1) (l‘+2)2N+J7m71 g

(2N+j—-m—2,b, )]}"’W'GQN_LQ)
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Fig. 1 BER with CSI feedback delay and channel estimation error ( g, =0.9911)

improved schemes will achieve same performance. Otherwise,
conventional schemes will outperform the improved schemes
when only channel estimation error is in presence, yet for large
CSI feedback delay the improved schemes performs better.

It’s shown from Fig.1 that -MRT outperforms I-TAS/STBC.
Nevertheless, it’s shown in Fig. 2 that I-TAS/STBC has
superior performance to [-MRT. It can be forecasted that for
little CSI feedback delay I-MRT will have better performance,
but when CSI feedback delay increases to some extent,
I-TAS/STBC will outperform I-MRT. This is due to the fact
that when CSI feedback delay approaches to zero, I-MRT can
obtain more array gain than [-TAS/STBC, which leads to better
performance. In another extreme case, when CSI feedback
delay increases to infinity, I-MRT in (M, N) system (i.e. a
MIMO system with M transmit and N receive antennas) is
equivalent to MRC in (1, N) system, whereas I-TAS/STBC in
(M, N) system is equivalent to STBC in (2, N) system.
Obviously, the latter can achieve larger diversity order, thus has
better performance.

V. CONCLUSIONS

In this paper, we investigate the performance of four schemes
in MIMO systems with CSI feedback delay and channel
estimation error. For C-MRT and C-TAS/STBC exact BER
expressions are derived, and for I-MRT and I-TAS/STBC
approximate BER expressions are provided for two specific
scenarios. The performance of the considered schemes are
validated and compared with each other by numerical analysis
and simulations in various scenarios. The results show that for
little CSI feedback delay the performance of conventional
schemes are superior to the improved schemes, yet for large CSI
feedback delay the improved schemes perform better, and when
CSI feedback delay increases to a certain extent, [-TAS/STBC
outperforms I-MRT.

Fig. 2 BER with CSI feedback delay and channel estimation error ( o, =0.2203)
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